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MSC: In a previous study from the author and his co-worker, a constitutive model for isotropic, elastic perfectly-
74A20 plastic materials was developed using scalar, conjugate, stress/strain base pairs. These stress/strain base pairs
74C15 result from a Gram-Schmidt decomposition of the deformation gradient. A limitation of this prior work is that
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a deformation process, i.e., there would be no change in the resulting microstructural properties. Typically,
internal state variables are used to represent macroscopic manifestations of these microstructural properties.
In this paper, we incorporate internal state variables into our previously developed constitutive model, and as

a consequence, plastically-induced anisotropy shows up naturally in the developed model. These are, however,
different from the typically used internal state variables and are introduced only for this purpose.

1. Introduction

In recent years, a novel QR decomposition of the deformation
gradient has been proposed that has several advantages over the tra-
ditional polar decomposition. In this decomposition, the matrix of a
deformation gradient is decomposed into an orthogonal rotation R
and an upper-triangular matrix U, called the Laplace stretch (Freed
et al., 2019). Srinivasa (2012) showed that this decomposition is par-
ticularly useful from an experimental standpoint, as one can directly
and unambiguously measure the components of Laplace stretch in a
particular coordinate system, obtained through Laplace’s technique of
successive orthogonal projections. The QR kinematics have been fur-
ther explored by Freed and Srinivasa (2015), Rajagopal and Srinivasa
(2016), Freed and Zamani (2018), Paul and Freed (2020b), and Clayton
(2020). Based on this kinematics, constitutive models have been devel-
oped using scalar, conjugate, stress/strain, base pairs for 2-D planar
membranes (Freed, 2017), 3-D isotropic and anisotropic solids (Freed
et al., 2017), and elastic solids that exhibit Kelvin—Poisson-Poynting
effects (Freed and Zamani, 2019). The recent surge in the use of QR
decomposition can be attributed to its various advantages over the
traditional polar decomposition of the deformation gradient. To begin
with, the QR kinematics offer a simple framework that is easy to imple-
ment both from a computational and an experimental standpoint (see
detailed discussion in Srinivasa (2012)). Unlike the traditional the-
ory, the QR framework does not require computationally expensive
eigenvalue analysis to derive the invariants of the relevant kinematic
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quantities, used in different constitutive models (Mooney, 1940; Rivlin,
1948). The kinematic variable such as the stretch tensor U is easy
to visualize as opposed to its polar decomposition counterpart, U.
Moreover, the use of QR kinematics paved way to develop constitutive
models using scalar conjugate stress/strain base pairs. The scalar nature
of the stress and strain attributes significantly reduces the complexity in
analysis as well as computational cost. In a series of papers, Criscione
et al. (2000), Criscione (2004) have shown that the orthogonality of
relevant kinematic quantities plays an important role in reducing the
experimental error (see details in Section 2.2). The minimum covari-
ance between the strain attributes in the QR framework has been
shown to perform satisfactorily in this context (Freed, 2017); it is also
relatively easy to implement as compared to the proposed alternative
invariants of Criscione et al. (2001), Criscione and Hunter (2003).
These advantages have been explored in recent papers (Kazerooni
et al., 2019; Jiang et al., 2023) where a suitable experimental protocol,
including parameter identification, has been established to validate the
constitutive models based on a QR decomposition.

This kinematics was further extended to elastoplasticity by Freed
et al. (2019) when they decomposed Laplace stretch into its elastic and
plastic components, i.e., U = U*°U?, using the property that the set
of all upper-triangular matrices forms a group under matrix multiplica-
tion. Traditionally a multiplicative decomposition of the deformation
gradient F = F¢ F?, first proposed by Bilby et al. (1957) and popularized
by Kroner (1959), Lee and Liu (1967) and Lee (1969), is used to
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describe the plastic behavior of materials in a finite deformation setting.
This decomposition assumes the existence of an intermediate, stress free
configuration obtained by a tangent map F? from the reference config-
uration of the body. Although this decomposition has been in use since
the 1960s, different aspects of this theory have often led to contentions
among researchers. In fact, Naghdi (1990) explained in his long review
paper that the only areas of agreement are the need for — developing
a suitable principle such as a flow rule or a strain hardening law,
defining an appropriate measure for the permanent deformation or, a
criterion to distinguish between the elastic and plastic regimes. The
disagreements over fundamental aspects of the decomposition, starting
from the existence of a stress free intermediate configuration (Green
and Naghdi, 1971; Casey and Naghdi, 1980) to the definition of an
appropriate plastic strain measure (Green and Naghdi, 1968; Nemat-
Nasser, 1979), are quite commonplace and have been categorically
documented by Naghdi (1990). Several attempts have been made to
propose new frameworks that do not directly invoke the idea of a F¢ F?
decomposition but use alternative techniques to address some of these
issues, e.g., Naghdi and Trapp (1974), Miehe (1998).

Although the framework proposed by Freed et al. (2019) does
not resolve to fix all these theoretical issues,' it is an important at-
tempt in three key aspects— (i) the uniqueness of the elastic—plastic
decomposition is ensured, (ii) it helps us understand the elastic—plastic
decomposition in a simplified manner and hence, proves to be an
useful tool for experiments and, (iii) it leads to a much simpler con-
stitutive model based on scalar conjugate stress/strain base pairs that
reduces complexity in analysis as well as computational cost. The
traditional F¢ F? decomposition assumes the existence of “a collection
of local configurations” that are related to the undeformed and de-
formed configuration of the body through the tangent maps F? and
F¢, respectively. These maps, in general, are not integrable and thus,
are not gradients of any deformation maps. Naturally, the lack of
associated deformation maps hinders one to understand (or visualize)
the corresponding deformation processes. This is where Freed et al.
(2019)’s framework outperforms the well-established theory. In QR
framework, the matrix of the deformation gradient is decomposed into
an orthogonal rotation tensor R that transforms the coordinate system
such that the matrix of the deformation gradient takes on the form of
an upper-triangular matrix, U’ called the Laplace stretch. The diagonal
terms of the Laplace stretch represent extensions of the sides of a
representative cube placed along the new base vectors whereas the
off-diagonal terms represent the extent of shear in specific planes as
will be discussed in Section 2. Imposing appropriate thermodynamic
restrictions, the Laplace stretch can be uniquely decomposed into its
elastic and plastic parts owing to the group property of a set of upper-
triangular matrices. In addition, this decomposition also leads to a
simplified understanding of the underlying deformation processes. For
example, the first diagonal term a is related to its components through
a = a°a’. The physical interpretation of this relation can be easily
understood from the deformation of a representative cube. When a
total deformation (containing both elastic and plastic parts) is applied
on the cube, its side along one of the new base vectors is extended
by an amount of a. Now an elastic unloading will lead to a removal
of the elastic part of a, thus shortening the side by an amount of a¢;
the remaining part o” thus represents the permanent stretch on that
side caused by a plastic deformation. This interpretation is missing
from the traditional theory since the tangent maps F¢ and F? are not
integrable and thus, do not produce a deformation map. The physical
meaning of QR kinematics is particularly useful in plasticity because
of its ability to measure the kinematic quantities via experiments.

! In fact, the QR framework fits well with the multiple natural configu-
rations framework, proposed by Rajagopal and Srinivasa (1998a) which also
assumes the existence of a stress free natural configuration obtained by an
instantaneous elastic unloading from the current configuration of the body.
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Although it has been proposed that the elastic and plastic parts of
a deformation gradient can, for example, be measured by perform-
ing electron backscatter diffraction (EBSD) (Jiang et al., 2016), such
propositions are flawed from a theoretical point of view because the
elastic and inelastic parts of a deformation gradient are not compatible,
unlike the total deformation gradient itself. Therefore, in general, it is
not possible to define a deformation map between the reference and
intermediate or the intermediate and current configurations. On the
other hand, using the same experimental techniques, one can measure
the plastic (or elastic) part of Laplace stretch U” (or U*), at least
up to a homogeneous rotation field. A method to determine U'” has
been delineated in Paul and Freed (2020a). Because of the advantages
that an elastic—plastic decomposition of Laplace stretch has over other
traditional decomposition, Paul and Freed (2021) developed a constitu-
tive model for isotropic, elastic perfectly-plastic materials using scalar,
conjugate, stress/strain, base pairs. The use of conjugate, stress/strain,
base pairs helps one to overcome an issue with the parametrization of a
material model owing to a strong covariance between the traditionally
used tensor invariants, as pointed out by Criscione (2004). Needless
to say, the elastic-plastic QR kinematics also entail the computational
advantages as mentioned earlier.

Although a constitutive model based on macroscopic kinematic
variables (e.g., the model developed in Paul and Freed (2021)) is able
to predict the overall response of a material, such a model will perform
poorly whenever the microstructure of a material evolves along a
path of deformation. To overcome this issue, one typically introduces
internal state variables to represent macroscopic manifestations of
its microstructural properties, cf. Coleman and Gurtin (1967), Rice
(1971), Dafalias (1987), and Jirasek and Rolshoven (2009). In this
paper, we extend our previously developed constitutive model by incor-
porating internal state variables into it. Typically, plastically-induced
anisotropy is represented through an evolving, tensor-valued, inter-
nal, state variable, e.g., Giessen (1989a,b, 1991). In our model, how-
ever, anisotropy enters into the constitutive model through certain
scalar-valued anisotropy parameters. To incorporate plastically-induced
anisotropy, it is sufficient that these parameters be considered as kine-
matic variables whose evolution equations are derived from an appro-
priate criterion.

This paper is organized as follows. In Section 2, QR kinematics and
the constitutive relations based upon this kinematics are reviewed, and
pertinent topics for subsequent developments are discussed in detail.
To incorporate an internal state variable into a constitutive model, one
needs to define an appropriate co-rotational rate for this variable. This
is discussed in Section 3. In Section 4, selected internal state variables
are incorporated into the authors’ constitutive model. The developed
model captures an evolving anisotropy during a plastic deformation
process. Two example problems have been considered to demonstrate
the procedure: (i) a Prager kinematic hardening with isotropic behavior
throughout the deformation, and (ii)) an evolving anisotropy whose
contribution to the dissipation is assumed. Finally, the results are
summarized and the paper is drawn to conclusion. Evolution equations
governing our internal state variables are derived in the appendix.

2. Preliminaries
2.1. QR kinematics

Let us consider a simply-connected body 5B with a material particle
P in it. Let X and x denote the position vector of this particle in an
undeformed (reference) configuration of the body, i.e., «.(5), and its
deformed (current) configuration, viz., «;(/3). The motion of a body is
defined as x(X,#) = X(X, 7). The deformation gradient F is a homeomor-
phism that takes a tangent vector dX from the reference configuration
k,.(B) and places it into the tangent space of the current configuration
k,(B). The deformation gradient is written as

_ XX,
X

F (€8]
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We apply a Gram-Schmidt procedure to the matrix of a deformation
gradient. This process decomposes it into an orthogonal rotation R
and an upper-triangular matrix U called the Laplace stretch. Freed
et al. (2019) In this procedure, a particular coordinate direction and
its adjoining coordinate plane need to be specified. Given such a
specification, a new set of base vectors is obtained from these specified
bases though Laplace’s technique of successive orthogonal projections.
This coordinate direction and this coordinate plane are, in general, not
known a priori, and as such, they can become a source for ambiguity
regarding a representation for Laplace stretch. To avoid this issue, we
follow a strategy put forward by Paul et al. (2021) to re-index the
matrix of a deformation gradient F through a permutation of its base
vectors, where selection of an appropriate permutation matrix is based
upon the current state of deformation in a body. The Gram-Schmidt
procedure is then applied on this re-indexed deformation gradient F,
resulting in

a ay af
F=RU where [U;]=|0 b bal. (2)
0 0 c

The inverse to the rotation tensor, ie., R!, rotates an Eulerian set
of bases into a new set of bases {é,-}. The individual components of
Laplace stretch have direct, physical meaning in this new set of bases
in contrast to that of the right stretch tensor U, obtained from a polar
decomposition of the deformation gradient. Specifically, the diagonal
elements of Laplace stretch, i.e., a, b and ¢, represent elongations of the
sides of a representative cube along the base vectors in this physical
frame of reference; whereas, the off-diagonal terms, viz., ay, af and ba,
represent the extents of shear acting across specific coordinate planes
along the directions of different base vectors (Srinivasa, 2012, § 2).
Because of this, {€ ;} are termed the bases for a physical frame of refer-
ence. The Laplace stretch can be further decomposed into two shearing
motions, followed by an extensional motion along the directions {2',-},
i = 1,2,3, thereby resulting in an Iwasawa (1949) decomposition of
Laplace stretch. This decomposition is given by

a 0 O][t o gI[1 y o©
[V;;1=10 b Of{0 1 a0 1 Of. 3
0 0 ¢f|O O 1]J[0 0 1
—_——— ——
A vab vr

The extensional matrix A can be further decomposed into a dilatational
and three modes of squeeze, i.e.,

1 0 0l[+/a/b 0 0

(A= Vabe[o 1 off 0  b/a 0
0o 0 1]l o 0 1

dilatation 1-2 planar squeeze

1 0 0 Vaje 0 0
x 10 {/b/c 0 0 1 0 | 4)
0 0 {/e/b 0 0 +/c/a

2-3 planar squeeze

J

3-1 planar squeeze

Therefore, the Laplace stretch is essentially decomposed into seven
modes of deformation: one dilatation mode, three squeeze modes,
and three shear modes. Note that not all of these deformation modes
are independent. Specifically, the three squeeze modes are dependent
on each other. The decomposition of the Laplace stretch into differ-
ent modes is useful in defining the corresponding scalar, conjugate
stress/strain base pairs. The scalar nature of the kinematic and kinetic
variables helps in the ease of implementation and reduces compu-
tational efforts as compared to their tensorial counterparts or their
invariants, used in the traditional approach.

The QR kinematics have been extended to elasto-plasticity by Freed
et al. (2019). Using the property that the set of all invertible, upper-
triangular matrices form a group under multiplication, they decom-
posed the total Laplace stretch into its elastic and plastic parts, denoted
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by U¢ and U?, respectively. Needless to mention that both ¢ and U
are upper-triangular matrices. The components of these matrices are
given as

a° aeye a¢ ﬁe aP al’yﬁ apﬂl’
[U'l.j.] =10 b° b%a®| and [U'l.’;.] =10 bP bPaP |. 5)
0 0 c 0 0 cP

Components of the total Laplace stretch U and its elastic and plastic
parts U and U” are therefore related through

a® =afa’; a® = bP(a—aP)/cP;
B=b/b; =a? (B - ) -y — 7] [ ©)
cf=c/cPy yt=dl(y —yP)/b.

It is important to note that the deformation of a body in all six of its
degrees of freedom is completely specified by the components of Laplace
stretch, whereas the rotation R plays an important role in coordinate
transformation. Unlike the traditional Kroner-Lee decomposition, here
a decomposition of the rotation tensor into its elastic and plastic parts
is not necessary in order to obtain the elastic and plastic parts of the
Laplace stretch (Freed et al., 2019). Only the latter is useful when con-
structing constitutive models (Paul and Freed, 2021). It is instructive to
consider the intermediate configuration of a body subjected only to a
plastic deformation. Such a configuration is, in general, non-Euclidean
and is obtained through an elastic unloading of a deformed body. In
this configuration, the rotation tensor R is comprised only of its plastic
component, R”.

To extend the QR kinematics to elasto-plasticity, a different ap-
proach was adopted by Ghosh and Srinivasa (2014). In this paper, a
QR decomposition was performed on the plastic deformation gradient,
obtained from a Kroner-Lee decomposition, i.e., F = F°*F? with F? =
R? UP. Since the components of the plastic Laplace stretch represent
the plastic deformation of a body in all six degrees of freedom, U
obtained from both these approaches ought to be the same. Now
comparing the elastic—plastic QR decomposition with the traditional
F = F°F? and defining R® := R? R, one can establish a relationship
between Lee’s elastic deformation gradient, F¢ and the elastic Laplace
stretch U as

F=FF=RU'U" = FF =R’ (RU) R" . %)
Thus, the total deformation gradient can be written as
F=RRCU° V™. (8)

The relevant configurations and the tangent maps involved in QR
decomposition and Kroner-Lee decomposition and their relationships
are shown in Fig. 1. Now let us consider a purely plastic deformation
where F = F?. Clearly, in this case, the elastic deformation gradient
F¢ as well as R and U are all unit second-order tensors. Using this
condition on eqn. (8), one can easily obtain F? = R” U”. Since the QR
decomposition of a non-singular matrix is unique (i.e., since det(F?) #
0), our plastic Laplace stretch and the corresponding plastic rotation
tensor is equivalent to the ones found from a Gram-Schmidt factoriza-
tion of the plastic deformation gradient F?, proposed in Ghosh and
Srinivasa (2014). Note that although the elastic—plastic decomposition
of Laplace stretch is unique owing to the group property of upper-
triangular matrices, the same cannot be said about the decomposition
F? = RPUP. This is due to the fact that the plastic deformation gradient,
obtained from a Kroner-Lee decomposition, is not unique. Moreover, it
is easy to understand that this non-uniqueness can be attributed to the
plastic rotation tensor R”.

At this juncture, it is important to understand the physical meanings
that R? and U’ carry. If a body is subjected to an elastic unloading
from its current (deformed) configuration «,, it attains an intermediate
configuration k. Because U’ can be obtained from a QR decomposition
of the matrix of F?, the plastic deformation of a body in all six degrees
of freedom is completely specified by the plastic Laplace stretch U'* in a
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Fig. 1. The configurations involved in Kroner-Lee decomposition and QR decomposition and the associated tangent maps.

certain set of bases that is determined by the rotation R”. Let &, denote
another intermediate configuration in which the body is subjected to
only the plastic part of Laplace stretch U”. The configurations «, and
&, are related through the plastic rotation R?. Clearly, like the total
rotation tensor R, its plastic counterpart also takes part in a coordinate
transformation. In view of the physical interpretations of U"” and R?,
one can easily realize a correspondence between the intermediate

configuration K, and Mandel (1971, 1973) isoclinic configuration in
the sense that both these configurations represent the substructure
of the material (i.e., a macroscopic manifestation of the material mi-
crostructure). Investigation of the roles, played by the intermediate
configuration &, as a material substructure, is beyond the scope of this
paper and will be discussed in subsequent papers in connection with

studying plastic spin within our framework.
2.2. Constitutive model

Typically, constitutive models are developed using tensor invari-
ants whenever a polar decomposition of the deformation gradient is
adopted. In these models, the strain energy function W is often assumed
to be a function of the invariants of relevant kinematic quantities, for
example, the principal invariants of C, denoted by I, and I,. However,
the widely used invariant theory is not without its drawbacks. Criscione
(2004) showed that a strong covariance exists between these tensor
invariants in the sense that the inner product of the response terms
(i.e., OW /oI, or 0W /dI,) turns out to be nearly equal to the product
of their individual magnitudes. This co-variance between the invariants
significantly magnifies the experimental error. Recently, a direct vari-
ance between the invariants has also been reported in the context of
fiber reinforced elastomers (Chatterjee et al., 2021). Clearly, the co-
variance between the invariants hinders one’s ability to parametrize
the material model from an experimenter’s standpoint and the orthog-
onality of a suitable strain measure has shown to be necessary to
reduce error propagation. To overcome this issue, alternative sets of
invariants (Criscione et al., 2000; Criscione, 2004) have been proposed
that restrict this covariance to a minimum. As mentioned by Srinivasa
(2012), the QR framework retains the necessary qualities (i.e., exhibit
minimum covariance between kinematic and response terms) from an
experimental standpoint while it is simpler and easy to implement.
Keeping this in mind, Freed et al. (2016, 2017), Freed (2017) developed
constitutive models using scalar, conjugate, stress/strain, base pairs for
isotropic and anisotropic elastic materials. In these works, a constitutive

formulation was derived by deconstructing the stress power at a mate-
rial point into its different modes of deformation. For the total Laplace
stretch, in view of Egs. (3) and (4), one can define the strain attributes
as
8=3In(abe); & =3ln(a/b); & =3In(b/c); &5 =1 In(c/a); ©
n=a n=p rn=v

where § is the volumetric strain, and ¢; and y; are the squeeze and shear
strains, respectively.

The stress power per unit reference volume at a material point can
be written as

W =tr(SE) = J tr(TL) (10)

where S and T are the symmetric, second Piola—-Kirchhoff and Cauchy
stress, respectively and E is the Green strain. J = det(F) denotes the
Jacobian of the deformation map. Let us now define a velocity gradient
associated with the Laplace stretch as £ := U7 ~". A routine calculation
using Eq. (2) shows that the velocity gradient L := FF~! is related to
L through

L=RR" +RLR". an
Needless to say that the spin tensor R R” is anti-symmetric. From the
second part of Eq. (10), the stress power can now be written as
W=Ju@L)=Jta(TRRT+RLRT))=Jtr (TRLR") =tr(SL)
12)

where S is the Kirchhoff stress in our physical frame of reference, which
is related to the Cauchy stress T through the relation S := J RT TR.

In terms of the strain attributes defined in Eq. (9) and their ther-
modynamic conjugates (see Freed (2017) (Freed, 2017, § 3,4) for a
detailed derivation of the conjugate stress/strain base pairs), the stress
power can be expressed as

3
W =né+ Z (0:6; +i7;) 13)
i=1

where stresses 7, o; and 7; are the respective thermodynamic conjugates
to strains 8, ¢; and y;. In terms of the stress components from S, these
stress attributes can be written as

T=S8+Sn+S85 0,=8-Sn; 06,=5y 531 063=53-5;;

a a
T, ==Spn Th,==-83 173=-Sp-—a-5
1 122 = 721 BT on PRt
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where 7 is a pressure, o; is the ith normal stress difference, and 7; is
the ith shear stress, i = 1,2,3. Note that out of these seven modes of
deformation, only six are independent. Specifically, a coupling exists
between the three squeeze modes that leads to e; = —(¢; + ¢,) and
o3 = —(o) + 0,). Although such a coupling between the squeeze
modes is not desirable, it seems inevitable in the present theory. In
fact, as mentioned earlier, covariance exists between the invariants
when a traditional constitutive assumption is used. In the alternative
constitutive models, developed to address this particular issue such
as Criscione et al. (2000), Criscione and Hunter (2003), Criscione
(2004), a covariance is also present among the kinematic variables, but
it is restricted to a minimum. The same is applicable for the proposed
constitutive model as pointed out by Freed (2017).

Proof of frame invariance: Let us consider two observers with refer-
ence frame © and O* measuring the deformation of a body. We further
assume that the frames @ and O* coincides with each other at a time
instant when the configuration of the body is the reference config-
uration. Therefore, the position vector of a particle in the reference
configuration of the body is measured as X from both the reference
frames. Now the motion of the body, observed from © and O* are
related through

XX, ") = Q) XX, 1) +d() (15)

where Q(#) e Orth™, * = t—a with Q(0) = I and d(0) = 0. From eqns. (1)
and (15), it is obvious that F* = QF. In Section 2, the Laplace stretch
U was obtained from a Gram-Schmidt factorization of the deformation
gradient F. Alternatively, the components of Laplace stretch in a given
coordinate system can also be found from a Cholesky factorization of
the right Cauchy-Green tensor C := F'F (Srinivasa, 2012) as

o [

yC
" Ui Un

wl=| o [en-1v2 Cun—Upliz | 16)
Uy
0 0 Cy-VL -V}

The group property of the set of upper-triangular matrices ensures that
this decomposition is unique for a given right Cauchy-green tensor,
C. From the relation between the deformation gradients F and F* and
the definition of the right Cauchy-Green tensor, one can easily observe
that the right Cauchy—Green tensors are the same when measured in
the reference frames © and O, i.e., C* = C. In view of eqn. (16), it
is obvious that the same relationship holds for the Laplace stretches,
ie., U* = V. The strain attributes defined in Eq. (9), being simple
algebraic functions of the components of the Laplace stretch, are also
going to be the same when measured from the two reference frames,
e, 6" =6, e =¢; and y] =y;, i = 1,2,3. Since the strain attributes are
scalar quantities, they are frame-invariant.

To show the frame invariance of the stress attributes, we shall first
assume that the traction vector is objective. This assumption results in
the frame invariance of the Cauchy stress tensor, ie., T* = QTQT.
Since, F* = QF, it can be easily shown that the corresponding rotation
tensors are related through R* = Q R. Therefore, the Kirchhoff stress
in our physical frame of reference measured from ©O* can be written as

S =R TR = JOQRTQTQHOQR)=JR"TR=S. (@17)

From the definition of the stress attributes in eqn. (14), one can write
7* =, of =o0; and 7] = 7;. Since the stress attributes are scalars, they
are frame invariant.

A relationship between these stress and strain attributes can be
established from a thermodynamic consideration. Needless to say that
such relationships depend upon the behavior exhibited by the material
under consideration. For convenience in notation, let us define three
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lists of variables consisting of the stress and strain attributes and their
rates as

hy={6 & & & n n nh (18a)
ly={3é & & & 7 n nh (18b)
ls={ 7 o6, 00 063 7 1, 13} (18c)

Similar to Eq. (9), for an elastic—plastic material, one can define the
elastic and plastic strain attributes as
8= 1In(@’b’c?); € = 1@ /b); €5 =5In(b/c); € =3 In(c*/a);

e

rn=eas =05 rvn=r

(19 a)
and

& = éln(a”bpc”); el = §ln(a”/b”); e = éln(b”/c”); e = iln(a”/c”);

=a yi=p vy =rr

(19 b)
These elastic and plastic strain attributes are related to the total strain
attributes via
5=6%+5,
£ = 5‘1' + 6‘1’ R
e P
& =&, + 62,
e P
€3 =¢€5+¢&5, (20)
1 =P /o)y 4+,
r =) ys +v5 +v) (13— 13)s
r3="/a") r§ + 7.
For a convenience in notation, let us define a list of variables ;.

consisting of the plastic strain attributes. This list of variables is defined
as

Lyp={ 6" & & & v v ) @1n

It is interesting to note that in this framework, an anisotropic
material response does not enter into the constitutive model directly
through the material parameters (i.e., through symmetry of the stiffness
or compliance matrix). Instead, the anisotropy is enfolded in the en-
coding/decoding map that relates components of the velocity gradient
L = U'U~! with our strain rate attributes, and components of the
Kirchhoff stress S with our stress attributes. For an anisotropic elastic
materials, a relationship between the components of £ and the strain
rate attributes is given as

s [ow/3u  uw/3v uv/3w 0 0 0 Ly

£ vw/3u  —uw/3v 0 0 0 0 Ly

Ll | O uw/3v  —uv/3w 0 0 0 L33
V(7| o 0 0 e 0 0 |enf @2

7 0 0 0 0 c¢/a by /a||lLy;

73 L O 0 0 0 0 bla ||L,

whereas the stress attributes are related to the components of S via

z [u/vw  v/uw w/uv 0 0 071}Si
oy ufow —vfuw 0 0 0 0 [[Sxn
0y 0 vfuw —wfuv 0 0 0 1)Ss3

= 2
7] 0 0 0 b/c 0 0 |]S3 (23)
T, 0 0 0 0 afc 0 |1Si3
73 0 0 0 0 —ay;/c a/b]l|Si

where u, v and w are anisotropy parameters representing the strength
on anisotropy along the directions é 15 52 and 2’3, respectively, relative
to the other directions. For an isotropic material, each of these parame-
ters equals one. The reader is referred to Freed et al. (2016) and Freed
(2017) for a detailed derivation of Egs. (22) and (23).
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3. Internal state variables and their co-rotational rates

While constructing constitutive models for elastic—plastic materials,
it is a common practice to consider only quantities representing the
macroscopic deformation of a body, e.g., the Laplace stretch V" and its
plastic part U as kinematic variables, along with their corresponding
work conjugates. However, in these models, it is not possible to keep
track of an evolution of the underlying microstructural properties of
a material with these kinematic variables. Therefore, although these
models work well for isotropic materials, they are unable to capture
material responses that exhibit evolving microstructural properties,
such as plastically-induced anisotropy. In order to resolve this issue,
internal state variables are typically used that act as a macroscopic
manifestation of these microstructural features. These internal variables
can be scalars, vectors or tensors, and can represent both kinematic and
kinetic variables, such as a back stress, orientation of the lattice vectors,
etc.

Let a;,i = 1,2,...,n denote a set of n number of internal variables
in the current configuration «,. We assume that these internal state
variables follow a standard pull back or push forward operation since
the base vectors are related through the associated tangent maps.
Before going into a detailed discussion on how these internal variables
are incorporated in our framework, let us first discuss their physical
significance using a traditional Kroner-Lee decomposition. Upon elastic
unloading, this set of variables is pulled back into configuration x, and
is denoted by A;. Sets a; and A, are related through an inverse of the
elastic deformation gradient and its transpose. However, the specific
relation depends on the nature of a particular internal variable. For
instance, if a; is a tensor-valued internal variable, then A; can be ob-
tained as A; = det(F¢) Fe' a; F¢'. Because A, represents a macroscopic
manifestation of the microstructural changes, the material response
must also depend on these internal variables. Here we first consider
the internal variable to be a tensor-valued kinematic variable since
we derive the constitutive model by allowing the kinematic variables
(i.e., the strain rate attributes) to vary (see Section 4). Internal state
variable of kinetic nature are considered whenever the kinetic variables
(i.e., the stress attributes) are allowed to vary keeping the kinematic
variables fixed. Since the kinematic and kinetic internal variables are
work-conjugate to each other, the nature of the internal state variable
does not pose any difficulty in deriving the constitutive model. Never-
theless one should be careful in using the right internal state variable
in their derivation of a constitutive model.

It is well-known that the laws of thermodynamics are not sufficient
to specify the response of an elastic—plastic material. Additionally, one
needs to stipulate a more stringent criterion such as maximum plastic
dissipation, maximum plastic work, Drucker’s stability postulate, etc. In
their constitutive model for isotropic, elastic—plastic materials, Paul and
Freed (2021) used a maximum rate of dissipation criterion developed
by Rajagopal and Srinivasa (1998a,b). This criterion is a generalized
version of Onsager’s minimum rate of dissipation criterion (Onsager,
1931) and Ziegler’s normality rule (Ziegler, 1963) (cf. Rajagopal and
Srinivasa (2004)). It is worth noting that although the maximum rate
of dissipation criterion is applicable to a wide class of materials, this
principle, along with the other criteria mentioned above, is not as
fundamental as the laws of thermodynamics. Nevertheless, the use of
such a criterion is ubiquitous in plasticity literature.

In this framework, the response of an elastic-plastic material is
specified through constitutive assumptions arising from two functions:
a stored energy function (or Helmholtz potential function)? denoted

2 This thermodynamic potential is often referred to as the Helmholtz free
energy per unit mass or free energy density (Noll, 1974) or specific free
energy (Truesdell and Noll, 1992) and is related to the internal energy e,
entropy 7 and temperature ¢ through a Legendre transformation viz., y =
e—nb.
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as y, and a rate of dissipation function denoted as £. The Helmholtz
potential function specifies the elastic response of a body, measured
from a fixed natural configuration &, whereas the evolution of this
natural configuration caused by microstructural change is specified
through a rate of dissipation function. They further assumed that the
Helmholtz potential is a function of the total Laplace stretch U and
its plastic part U”. On the other hand, the rate of dissipation function
was assumed to depend on the plastic Laplace stretch U and its rate
TUP. Note that this model was developed for an isotropic material that
exhibits an elastic perfectly-plastic behavior.

In order to incorporate material behavior induced by microstruc-
tural changes, one needs to also consider internal state variables as
arguments of the Helmholtz potential y and the rate of dissipation
function &. One particular material behavior caused by microstructural
change is that of plastically-induced anisotropy. This anisotropy is ex-
hibited at a microstructural level, and is different from the macroscopic
behavior exhibited by an initially anisotropic material. The anisotropy
of a material enters into our constitutive model through a particular
mapping between the kinematic (e.g., components of Laplace stretch)
and kinetic (e.g., components of the Kirchhoff stress tensor, pulled back
into our physical frame of reference) quantities and their corresponding
strain and stress attributes (see Section 2.2). A plastically-induced (and
thus, evolving) anisotropy can be incorporated by considering certain
parameters of these maps as variables.

Because the internal state variables used in our constitutive con-
struction of an elastic—plastic material reflect a changing microstruc-
ture, an evolution equation must be specified for each A; in order to
keep track of its evolution, plus any change in orientation caused by
plastic deformation. Specifically, an appropriate rate for each internal
state variable must be specified. Recall that the physical representation
of configuration &, is that of the substructure of a material, and hence,
all constitutive relations are to be formulated in this configuration. It
is also worth noting that an infinitesimal fiber in the configuration «,
is obtained by employing Lee’s plastic deformation gradient, F” on an
infinitesimal fiber in the reference configuration of the body. Moreover,
it has been shown in Section 2 that F? is related to the plastic Laplace
stretch via F» = R? U? and this decomposition is unique. Therefore,
considering a tensorial internal state variable, it must be pulled back
into this configuration through the relation A; = R A;R’. When
expressed in the set of bases {g',-}, it is reasonable to assume that
the matrix of A; will be a full matrix. We further assume that this
matrix has a non-zero determinant, i.e., det(4;) # 0. Under these
conditions, one can perform a Gram-Schmidt procedure on the matrix
of A, resulting in *

A; = RA U 24

where R* is an orthogonal matrix, and 'Y is an upper-triangular ma-
trix. Clearly, the upper-triangular matrix U represents the
“rotation-free” part of internal state variable A; and its components
are given in a new set of bases obtained through a rotation of the set
of bases {€ .} by R*. The assumption of a non-zero determinant for the
matrix of A; ensures that its decomposition in Eq. (24) is unique. For
the time being, we focus on the rotation part of the internal variable.
Nevertheless, its counterpart Ui plays an essential role in constitutive
formulation, and will be discussed later.

From the physical significance of a Gram-Schmidt decomposition,
as discussed in Section 2.1, it is apparent that orthogonal tensor R*i
represents a change in the orientation of internal state variable .A4;
with respect to the bases of space &,, and hence, the substructure of
this material. Therefore, a spin tensor Q7 defined as Q” := R RA"

3 Note that this decomposition is specific to the QR framework. In case of
a traditional framework based on a polar decomposition of the deformation
gradient, typically a full second-order tensor form of the internal variable or
its invariants are used for constitutive formulation.
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represents the spin of the structural internal variable A; taken with
respect to its substructure. This spin tensor can now be defined as
the plastic spin corresponding to the internal structure variable A;, in
accordance with the terminology of Dafalias (1998).

Although it is sufficient for the plastic strain-rate attributes to use
only a simple time derivative of the pertinent kinematic variables in
their definitions, the same is not true for the internal state variables.
It is evident from the discussion on QR decomposition in Section 2.1
that the matrix of .A; takes on the form of an upper-triangular matrix
U4 in a new set of base vectors rotated from the substructure (i.e., the
configuration &,) by R4, Therefore, we must work with a suitable
objective rate of the “rotation-free” part of the internal state variable
U with respect to the configuration &,. Since Ui is defined in a
co-ordinate system rotated by RY, it is appropriate to introduce a Lie
derivative (Marsden and Hughes, 2012) of the form

Eq,,,[T/A"] = RA [% (RA,.*‘ v RA,-’T) RA,T] _ (25)

It is worth noting that Eq. (25) is quite similar to the Green-Naghdi
rate of the Kirchhoff stress. In fact, £(p,,[‘l/'“4'] is a particularization of
the Green—Naghdi rate for appropriate tensor fields in the sense of Simo
and Marsden (1984). Simplifying Eq. (25), the co-rotational rate of v
with respect to the plastic spin ©” can be written as

VA =T - QP U4 + U QP (26)

Since Lie derivatives are, by definition, frame-indifferent, the rate UA
can now be used in our consotitutive formulation. Note that unlike the
other kinematic variables, Ut is a full matrix. This causes an in-
evitable impediment to utilize the full potential of an upper-triangular
decomposition.

4. Incorporation into constitutive model

In this section, we focus on developing a constitutive model for
elastic—plastic materials that captures plastically-induced anisotropy
as well as a general, tensor-valued, kinematic, internal variable. The
question of which kinematic variables (plastic strain rate attributes, or
the objective rate of an internal state variable) are to be used depends
upon the configuration in which the constitutive relations are formu-
lated. From the discussions in Sections 3 and 2.1, it is quite evident
that the configuration &, is of utmost importance in our framework,
mainly for two reasons: (i) the components of the plastic Laplace stretch
are measured in this configuration, and (ii) physically it represents a
macroscopic manifestation of the material substructure. Recall that un-
like the plastic deformation gradient, F”, arising from a multiplicative
decomposition of the deformation gradient, the plastic Laplace stretch
stems from a decomposition of the “rotation-free” Laplace stretch V.
Moreover, the plastic Laplace stretch is measured in the configura-
tion &, which implies that the measured plastic strain rate attributes
identically co-rotate with the substructure of a material. Therefore,
it is reasonable to define the plastic strain rate attributes through an
appropriate encoding/decoding map in a similar fashion as in Eq. (22).
The plastic strain rate attributes are defined as

8P (vw/3u  uw/3v uv/3w 0 0 0 Eq}l
é’l) vw/3u —uw/3v 0 0 0 0 Elz)z
sl_| o ww/3v  —uvf3w 0 0 o ] ch,
}'llp 0 0 0 cP/bP 0 0 E’z’s
e 0 0 0 0 cPfaP bPy][aP c,
P P

et | O 0 0 0 0 b?/aP 11£%

@7
with

Lyp={ 0" & & & i 1 7} (28)
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where £7 == TPV and é’3’ = —(é"l’ + ég). For convenience, let us
replace the parameters u, v and w with n, j = 1,23, defined as
ny = uf/vw,n, = v/uw and n; := w/uv. Note that although Egs. (18a),
(18b), (18c), (20) and (21) are still valid for the case of anisotropic
materials, definitions of the total strain attributes and their plastic
counterparts need to be revised. While determining the total and plastic
strain attributes by integrating the strain rates, one must keep in mind
that the parameters u, v and w (or alternatively, n;, j = 1,2,3) must
be considered as variables here in order to capture the development of
induced anisotropy.

The upper-triangular matrix /% physically represents the current
state of the internal variable at a particular time instant. Moreover,
due to its upper-triangular nature, it is possible to decompose this
matrix similar to the decomposition of Laplace stretch in Egs. (3) and
(4) and define a list of variables containing seven scalar variables,
each corresponding to a separate mode of deformation of the material
substructure, that collectively represent an internal state variable in a
rotated coordinate frame with respect to the material substructure. This
list of variables consisting of these scalar variables is given as

Iy, = { sA el i A }/iAI yzAi

1 2 3 7;4 t 29

where 54, e;t" and yfi, j = 1,2,3, represent attributes of the internal
state variable .A; that correspond with dilatation, squeeze and shear of
the substructure, respectively. Despite the physical meaning of compo-
nents in list /4 , and its congruence with the current theory, these scalar
variables cannot be used in the constitutive formulation. Specifically,
because there is no reason for the co-rotational rate of an internal
state variable U4 to be upper-triangular, and as such, it cannot be
decomposed into the different modes of deformation, and thus, cannot
be expressed by such a collection of scalar variables. Therefore, one
must deal with tensorial variables (such as lol"“r) when it comes to
working with tensor valued, internal, state variables like A;, instead
of a simple time derivative of the collection of scalar variables listed in
I 4,- This is a major consequence of using the co-rotational rate of an
internal state variable in our theory.

Now we proceed to derive the evolution equations for the plastic
strain rate attributes /,, the anisotropy parameters #;, and the internal
state variables .A;. Here, in addition to the laws of thermodynamics,
we adopt a maximum rate of dissipation criterion. In our framework,
the configuration &, acts as a natural configuration from which the
elastic response of the body is measured. The natural configuration
itself evolves with a dissipative, plastic deformation process in the sense
that the elastic unloading of a body from its current configuration leads
it to occupy different natural configurations at different time instants
whenever microstructural changes in the body (e.g, dislocation move-
ments) are involved. Therefore, the response of a body can be described
as a family of elastic responses measured from a set of evolving natural
configurations. We assume that for each natural configuration there
exists a non-null elastic domain, i.e., for a fixed microstructure (or
natural configuration) and a given Green elastic strain E measured
from the reference configuration, the only admissible value for the
inelastic velocity gradient L? would be zero. In other words, the inverse
image of L = 0 would be a non-empty elastic domain for a given
microstructure and Green elastic strain Rajagopal and Srinivasa (1998b,
§ I.1). Therefore, we admit two functions prior to applying a maximum
rate of dissipation criterion: (i) a Helmholtz potential function y from
which the elastic response of a body for a fixed natural configuration
is derived, and (ii) a dissipation function ¢ representing the energy
dissipated during a plastic deformation process, ie., an evolution of
the natural configuration &,. For the sake of generality, throughout the
constitutive formulation, we will assume that the material response is
anisotropic.

Because the elastic response of a body depends upon the deforma-
tion of that body measured from its undeformed configuration «, and

its fixed natural configuration &,, it is reasonable to assume that the
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Helmholtz potential function has the form
v =y, Upsﬁj) = lf/(ll/,ll/,,,ﬁj (30)

where 7, ;= n;, j =1,2,3. Note that we have not considered any internal
state varlables A; in the argument of y, because the internal state
variables only associate with the plastic deformation of a body. Now
the elastic domain of the material for a fixed natural configuration is

characterized by

£P=0=>$P=g'§’=y§’=0, (€2D)

The rate of dissipation function can be determined from an isothermal
energy balance equation. If P; denotes the kinetic conjugate* of the
internal state variable .A;, then the rate of dissipation can be defined
as

=W —pir =P, 1 U4 >0 (32)

where for any two tensors A and B, A : B denotes the scalar dot
product such that A : B = 4;; B;;. An assumption of non-negativity
of & ensures that the Clausius-Duhem inequality is identically satisfied.
From Eq. (32), it is evident that the dissipation function has the
functional form of

E=E(UP U TAY) = E(37. €070, 8.80 70 ny T Y). (33)

Note that unlike the Helmholtz potential function y, the argument of
the dissipation rate £ contains both scalar as well as tensorial kinematic
variables owing to the nature of the co-rotation rate of the internal
state variables. Moreover, the Helmholtz potential function and the
rate of dissipation function both explicitly and implicitly depend on the
anisotropy parameters n;, as they are directly related to the dilatational
and squeeze strain-rate attributes. Now invoking Eq. (30) into Eq. (32),
we obtain

3
o\ . ay\ . Eing Ny
(==n%5) i+ Z (- a‘)gf+<ff‘f’°a7> | =en g
j=1 J

J

Po
3 ~

Wy Oy W
Za,/’oah*' n;

+P, L U4
(3nj

(34)

Let us assume that the elastic response of the body is that of a Green
elastic solid. Therefore, the total stress attributes can be written in
terms of derivatives of the Helmholtz potential function with respect
to the total strain attributes as

oy
= 35
=00 35 (352)
o6
201 + 0,5 = py 0—;’/', (35b)
o0
o1+ 20, = pg % (35¢)
o0
T =po a_lyl/.’ j=123. (35d)

J
with o3 = —(6,+0,) and €3 = —(g, +¢,). With this assumption describing
the elastic response of a body, Eq. (34) reduces to

oy oy
+—n;
9y; i

+P, S U =0, (36)
aJ

£ y4
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Now to determine evolution equations for the plastic strain rates and
the internal state variables, we apply a principle of maximum rate of
dissipation. According to this criterion, of all the admissible values
for the plastic velocity gradient L?, anisotrogy parameters n;, and co-
rotational rate of the internal state variable /i satisfying the reduced
rate of dissipation constraint (36), the ones that maximize the rate of

4 Often termed as a microstress.

European Journal of Mechanics / A Solids 109 (2025) 105435

dissipation ¢ will govern the evolution of a natural configuration &,.
Note that if the anisotropy parameters u, v and w were considered
to be constants, i.e., if evolution of anisotropy during a plastic defor-
mation process were not to be considered, then one could carry out
a maximization of £ with respect to the variables listed in /;, indi-
vidually, instead of the plastic velocity gradient £” or its components.
However, in this case, components of the plastic velocity gradient need
to be expressed in terms of the plastic strain-rate attributes and the
anisotropy parameters before carrying out the optimization process.
This is achieved by inverting the relation (22), which yields

ch n 2n n 0 0 0 8P
Egz ny, —n, ny 0 0 0 s’f
[153 _|m —2n3 0 0 0 ég @37
ch 0 0 0 b/cP 0 0 W
ch 0 0 0 0 alfc?  —alyl /e 7
£’1’ ) | 0 0 0 0 0 af /bP yg’

Note that the relationships between the components of £” and the shear
strain rates ;’/f do not involve the anisotropy parameters. Therefore, for
the shear modes of deformation, it is reasonable to carry out the maxi-
mization of £ with respect to the strain rate attributes ;'/,.” . However, this
cannot be done for the dilatation and squeeze modes of deformation. In
these cases, an optimization process must be carried out explicitly with
respect to the components of £?, specifically £° e [lp and £33 Here we
have considered that the volume of a body changes durmg plastic defor-
mation. Therefore, the optimization process is executed with only the
reduced rate of dissipation constraint (36). In case of metal plasticity,
it is often considered that the plastic deformation process is volume-
preserving, i.e., " = 0. This condition enters into the constitutive model
as an additional constraint whenever a volume-preserving motion is
considered.

The maximization process can be worked out using two different
methods depending on the nature of the rate of dissipation function.
If £ is assumed to be a smooth function, then the optimization process
can be carried out using a standard Lagrange multiplier technique with
respect to the components of £, the anisotropy parameters n;, and a
co-rotational rate of the internal state variables U4 with & being the
objective function and Eq. (36) acting as a constraint. A smooth rate of
dissipation function is typically exhibited by materials that do not have
a definite yield surface and possess creep-like behavior, often denoted
as being viscoplastic. Details of this maximization process are provided
in Appendix. Using a Lagrange multiplier technique to maximize &, we
obtain

oé o oé o o o
= = ; — =—Apy —; — == (38a)
06p P0 560 o¢” P05 oy P05,
J J J J
% i (38b)
0nj 0nj
o
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o U

where 1 = 1/(1+) with 1 being a Lagrange multiplier to be determined
by substituting Egs. (38a), (38b) and (38c) into the reduced rate of
dissipation constraint (36). Thus, 4 can be obtained as

et (g E en ) ]
¢ aor o 0¢ o7} on; o U A
(39)

Clearly, the evolution equations (Egs. (38a)-(38c¢)) for the plastic strain
attributes, anisotropy parameters, and the internal state variables are a
set of implicit equations. In the above derivation, the rate of dissipation
is maximized by keeping the stress attributes fixed while the strain rate
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attributes and other kinematic variables are allowed to vary. It is pos-
sible to derive explicit evolution equations for the kinematic variables
if the condition is reversed, i.e., their conjugate kinetic variables are
allowed to vary while the strain attributes and other kinematic vari-
ables are held fixed. This inversion is typically difficult for the plastic
strain attributes and the associated stress unless a special form for the
Helmholtz potential function y is assumed. Moreover, the evolution
equations obtained thus far helps us to identify the thermodynamic
conjugates corresponding to the anisotropy parameters n;. If m; denotes
the microforce responsible for the change in anisotropy parameter 7;,
then in view of Eq. (38b), m; can be defined as m; = py alp/aﬁj.

Because Eq. (20) is valid for the revised definition of strain at-
tributes for anisotropic materials, it can be concluded that the dif-
ference between the total strain attributes and their corresponding
plastic counterparts represents the elastic strain attributes or their
linear combinations. Therefore, it is reasonable to assume that the
Helmbholtz potential function has the form
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3
+ 2 Nasagn G = 1D 0y =7
i,ij;l
where the N’s are material parameters and the g’s are functions of the
anisotropy parameters n;. Here a decoupling of contributions from the
anisotropy parameters and the strain attributes to the Helmholtz poten-
tial function is possible because the total and plastic strain attributes are
related to components of the velocity gradient £ and the plastic velocity
gradient L? through the same encoding/decoding maps,® respectively.
The material parameters N are not all independent. This form for y
leads to a Green elastic solid (i.e., hyperelastic) response. With this
assumed form for the Helmholtz potential function, the stress attributes
can be written as

oy oy
”=P0% =—P0ﬁ;
_ o _ oy
Uf_pod_sj ——ﬂoggs (41)
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Substituting these relations into the reduced rate of dissipation equa-
tion (36), we obtain

3
ﬂ5p+2(ajéf+rj7f—mjnj>—7’,-:'U'Af=cf. (42)
j=1

5 The encoding/decoding map that relates the total strain attributes to
the velocity gradient £ involves the total stretch components a, b and c,
whereas their plastic counterparts are used in the map between plastic strain
attributes and the components of £”. However, this difference does not deter
us from decoupling the contribution of anisotropy parameters from that of the
strain attributes, as the stretch components are used in expressing only the
shear strain attributes in terms of their relevant components from the velocity
gradient. These components, in turn, are free from the effects of an evolving
anisotropy.
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Because the reduced rate of dissipation criterion has now been ex-
pressed as a product of the kinematic and their conjugate kinetic
attributes, it is now possible to carry out the maximization process with
respect to either the set of kinematic variables, or their conjugate ki-
netic variables. Thereby, one can now derive a set of explicit evolution
equations for the plastic strain attributes, anisotropy parameters, and
the internal state variables.

Before deriving explicit evolution equations for the kinematic vari-
ables, we need to talk about the yield criterion of a material in this
framework. Following the arguments of Srinivasa (2010) and Paul and
Freed (2021), in view of the reduced rate of dissipation criterion (42),
the yield criterion can be written as

nS"+Z?=1 (O'j é§+rj }'//’.’ —m; nj) -P;: U
Y (ly,,) == max = =1 (43)
Lm0 El s, lyrns Iyrp)

where /;,, denotes the list of kinematic variables such that

o
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If the yield function Y (/;,,) < 1 for some values of /;,,, then the reduced
rate of dissipation equation is violated, and therefore, the response of
a material is elastic. One can easily show that this yield function Y (/,,)
is convex in the /;,, space.’

Let us now consider the case where the strain attributes, anisotropy
parameters and the internal state variables are held fixed, while their
corresponding kinetic variables are allowed to vary. Let us also define
a list of variables /,, that contains all the kinetic variables as

P ).

lkr={7"' oy 0 03 T T T3 M My m3

Note that here we consider the internal state variable to be of kinetic
nature whereas its kinematic, thermodynamic conjugate is derived from
employing the maximum rate of dissipation criterion. In this case, the
yield function can be defined as
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One can also show that the yield function, defined in this way, is
convex in the /,, space. Now, a routine calculation to maximize the
rate of dissipation function ¢ with the reduced rate of dissipation
constraint (42), taken with respect to the kinetic variables listed in /;,,
leads to

=1. (44
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where p is the consistency parameter that satisfies the condition that
u = 0 whenever Y(I;;) < 1. The consistency parameter u can be
determined by substituting the plastic strain-rate attributes /;-,, the
anisotropy parameters n;, and the co-rotational rate of internal state
variable l?‘Af into the reduced rate of dissipation equation (42). Thus,
Eq. (45) provides explicit expressions for the evolution of the kinematic
variables. Geometrically, Eq. (45) implicates that the stress attributes
lie along normals to the dissipation function at their corresponding
strain rate attributes, whereas the microstresses m; and P; that asso-

ciate with the anisotropy parameters n; and intell‘nal state variables
U4 lie along normals to the dissipation function at their corresponding
kinematic conjugates. For materials that exhibit a yielding behavior,
the dissipation function is no longer differentiable at /,, = 0. Therefore,
a Lagrange multiplier method cannot be used to maximize the rate of

dissipation function for those materials. In that case, a standard method

© For a detailed derivation, see Paul and Freed (2021, § 3.5). The convexity
for the additional variables can be established following a routine calculation
as delineated in the mentioned article.
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of convex analysis can be applied to show that the kinetic variables T
are along the normal cone to the convex hull C, ~at Tym> Where [,
denotes a set of kinematic variables that satlsﬁes ‘the yield condition
Y(l,,) = 1 with the convex hull C, ., Deing defined as

3
Chyy = 08+ D (A &0+ Apa 70+ Apgn; ) + A U4
j=1

If /,,, is another set of kinematic variables satisfying Y (/,,,) < 1, then
the flow rule can be written as

3 . .
n($P—$”)+Z [5/ E =€)+, = 7)) +my(a; —n) + P2 W4 -] 20
=

(46)

Because it can be shown that the yield function is convex in the kinetic
variable-space, it is also possible to obtain the normality rule in terms
of the kinetic variables. It is also worth noting that the above derivation
of the evolution equations holds for the internal state variables of other
kinds (i.e., scalars or vectors).

4.1. Examples

In this section, we demonstrate how internal state variables and a
plastically-induced anisotropy enter into our framework by considering
classical J, - plasticity. Specifically, we consider two problems. In the
first problem, we examine the deformation of an elastic—plastic mate-
rial that exhibits kinematic hardening. Here we further consider that
the material behavior remains isotropic throughout the deformation
process. In the second problem, we consider the plastic deformation
of a material in which its anisotropy evolves with the deformation.
Although in real-life problems, it is quite common to observe these
two processes occurring simultaneously, here we have considered them
separately for the sake of simplicity.

Kinematic hardening

Let us consider an elastic-plastic material that obeys a J, yield
criterion and exhibits a Prager-like kinematic hardening (Prager, 1955).
The material behavior is assumed to be isotropic throughout the de-
formation process, ie., n; = 1. A Prager hardening rule assumes that
the yield surface does not change in size and shape, but undergoes a
translation in the direction of the strain increment. To keep track of
the translation of this yield surface, we need to specify a backstress
tensor that is incorporated in our model through a kinetic, internal,
state variable. Let b denote a tensor-valued, internal, state variable
that represents a backstress in the current configuration «,. One can
transfer the backstress tensor into the configuration &, using a suitable
pull back operation and define its attributes corresponding to the seven
modes of deformation in a similar fashion as in Eq. (14). Let §*, 7
and g denote the backstress attributes corresponding to the dilatation,
squeeze and shear modes of deformation, respectively. Let us further
denote the rate of dissipation associated with the backstress tensor b by
Q. It is apparent that 2 is a function of the plastic strain rate attributes.
Since J, plasticity considers a volume-preserving plastic deformation,
the functional form of £ can be written as

Q=0 i=1,23. 47)

A J, yield criterion is obtained through an appropriate choice for the
rate of dissipation function ¢. Let us consider the rate of dissipation
function as

Z(s +77)+ K QD). (48)

i=1

We further consider the special form for the Helmholtz potential func-
tion given in Eq. (40). Now, the stress attributes can be obtained from
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Egs. (41) and (38a) as

ke? ky?

o; = [ —— 942, T. = !
2

T

3.2 2 P
PINCEESAD !
where k = uk’ with u being a consistency parameter. Since  is the
rate of dissipation function associated with the backstress tensor, its
derivatives with respect to the plastic strain rate attributes give us the
corresponding backstress attributes, i.e.,

o
+77) Y

(49

Q. . 0Q
pe = ka—éf, Bf = ka_yf' (50)
Thus, Eq. (49) can be alternatively written as
ke? . ky! .
6= ———+f; 1= ——+/. (51)
3 _p2 .pZ 3 'pZ ~p2
Y&+ Y€+
From Eq. (51), the yield criterion can be written as
: VI [0 - 62 + (5 — 517
Yl = b7+ - ] =k = P =
i=1
(52)

It is evident that Eq. (52) represents the J, yield criterion with Prager’s
kinematic hardening rule in our framework. The size and shape of the
yield surface remains constant while it translates in the six-dimensional
stress attributes space according to the evolution of the backstress
attributes given in Eq. (50).

Note that in this example, we did not need to consider a co-
rotational rate of the internal state variable as the internal variable is
embedded in the same configuration in which constitutive equations
are written. In fact, in our case, the plastic strain rate attributes act as
the thermodynamic conjugates of the attributes of the internal variable
(backstress). However. the same will not be true whenever a tensor-
valued internal variable of kinematic nature is considered. In that case,
the rate of dissipation function must be expressed in terms of the
co-rotational rates of the internal state variables.

Plastically-induced anisotropy

Let us consider an example of a plastically-induced anisotropy
within the J, plasticity framework. For the sake of simplicity, here we
do not incorporate any internal state variable. In this case, the evolution
of both the plastic squeeze and shear strain rate attributes and, the
anisotropy parameters contributes to the rate of dissipation function.
Therefore, the rate of dissipation function is chosen as

3 3
2 2
E=K | D+ +1 | Dk (53)
i=1 i=1
where ¢/ \/Z;.ll n? is the additional rate of dissipation caused by evolv-

ing anisotropy. Recall that a coupling exists between the plastic squeeze
strain rate attributes and the anisotropy parameters. Following the
procedure in Appendix, the stress attributes can be obtained as

kel 3
o, = - LY —; (54a)
\/Z;%:](éf +7r \/Zr ln2 J=! i
ky?
T; = ; (54b)
2 2
To €+
3 0eb tn.
m; k YL (54c)
S B S
r=1 J/,» j=1"j

where k = uk’ and + = u¢’ with u being a consistency parameter.
Since it is reasonable to assume that the functional dependence between
the anisotropy parameters and the plastic squeeze strain rate attributes
are known a priori, the corresponding stress attributes can be easily
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determined. It is interesting to note that the squeeze stress attributes
and the microstresses, m; both contain terms associated with the two
components of the assumed rate of dissipation function. This is a
consequence of the coupling between anisotropy parameters and the
plastic squeeze strain rate attributes. From Eq. (54a), one can write the

yield criterion as
3
Z‘zl (o; = ) + Tiz

(6, =P+t =k = =1

e (55)

where g, = The above yield criterion im-

t 23 on;
—_— n;
3 5 j=1"J P p
. r=l nr . . . .
plies that for the assumed rate of dissipation function, the material
undergoes a combined isotropic and kinematic hardening; a plastically-
induced anisotropy results in a kinematic hardening whereas the evo-
lution of the plastic squeeze and shear strain rate attributes leads to an
isotropic hardening.

5. Summary

In this paper, we incorporated internal state variables that rep-
resent macroscopic manifestations of microstructural properties and
plastically-induced anisotropy into our previously developed constitu-
tive model. To develop this model, we use scalar conjugate stress/strain
base pairs that arise from a QR decomposition of the deformation
gradient. This upper-triangular decomposition results in an orthogonal
rotation R and an upper-triangular Laplace stretch U that is further
decomposed into elastic and plastic components. It has been shown
that the intermediate configuration &,, which is related to the reference
configuration of the body through the plastic Laplace stretch U, repre-
sents a macroscopic manifestation of the substructure of a constituent
material. An appropriate co-rotational rate for a kinematic internal
state variable A; (in the configuration fcp) has been considered based
on this intermediate configuration. Due to its importance in the context
of plastically-induced anisotropy, here we have also considered the
evolution of anisotropy during plastic deformation in our constitutive
model. Traditionally, such evolution is considered through the internal
state variable, whereas, in our case, this evolution is incorporated by
considering the anisotropy parameters, used in an encoding/decoding
map, as variables. Finally, a constitutive model for all the plastic strain
attributes, anisotropy parameters, and internal state variables has been
obtained by using a maximum rate of dissipation criterion.

CRediT authorship contribution statement

Sandipan Paul: Writing — review & editing, Writing — original
draft, Visualization, Validation, Project administration, Methodology,
Investigation, Formal analysis, Data curation, Conceptualization.
Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.
Data availability

No data was used for the research described in the article.

Appendix. Derivation of flow rules using a maximum rate of dis-
sipation criterion

From Eq. (27), we observe that the anisotropy parameters are only
associated with the dilatational and squeeze strain rates when they are
expressed in terms of the components of the plastic velocity gradient
LP, or vice versa. Moreover, these strain rates are related to only three
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components of plastic Laplace stretch, £7, £7 and £%,. Therefore, it is
reasonable to carry out the maximization process with respect to these
three components of the plastic Laplace stretch, the shear strain rates
7> and the co-rotational rates of the internal state variables.

Now, from Eq. (37), the components of Laplace stretch in terms of
the dilatational and squeeze strain rates and the anisotropy parameters
can be written as

L8 = n (8 +2¢] + €h); (A.1a)
Ll =" -l + &by (A.1b)
£’3’3 =ny (6P — e”l’ - 2é'2’). (A.lc)

The Lagrangian for our constrained optimization problem can therefore
be written as

oy 01//
Li=&+2 +—5+ "tpg ey + Loy | 4P, A
¢ <'f Po 67 POZ[ jp Po 0J/j Y an )
(A.2)
Now the condition for maximizing the Lagrangian L with respect to the
component of plastic velocity gradient £‘;’ , s given as
aL
oLy,
- _0¢ <(ow 08  ow 9 oy 94 oy onm
= (+D) — +p A o= + 2 + 2 e =0.
* A e+ <35P ol " o dﬁ” oeb o " am, oL?,

(A.3)

Note that the components £ . £/ and £}, do not explicitly depend
upon the third squeeze strain rate e ThlS is due to the fact that
the squeeze strain rate e can be expressed as the linear combination
of the other two. However it does not pose any issue regarding the
determination of an evolution equation for 53 Because E” depends
upon the strain rates and the anisotropy parameter n,, Eq. (A 3) reduces
to

05 o8 | o0 0 of 04 of om ~ 0y o7
a+7 2 2 ua
osr oLt " oe dﬁ” 0¢r oc" " an; o’ 57 oL7,
Sow O oy % oy om
+ + i pRa A
P45 azr, T o s TP G o
(A4

Now substituting derivatives of the strain rates and the anisotropy
parameter taken with respect to ﬁ‘l’ , into Eq. (A.4), we obtain

oy
BP

oy 1 - o0& —dy
+—L o+ 457 =0
o€l ] &0+ 28 14, [( Von, TG,

9¢ oy
1+/1—+ 1=
( ) Po 967

+2 [( +/1)—€+p0/1

|:(l+l)—§+p0/l
"1

(A.5)

Similarly, the condition for maximizing the Lagrangian L with respect

P p ;
to L, and L7, are given as
-f oy 1 & oy
= |0+ 7= — |0+ —
[( + ) Ry “n {( + )aé,],+po ap]
— 0 —0 0
+ L (1+/1)—i+p0,1—"; — (1+/1)—'f+p0/1—"’ =0
ny z)sz 062 5P—él+éz n,
(A.6)
and
0 oy oy
_[(1+i)—+poim _n |:(1+A)—+polap
1 - 0 = dy 1 3 — oy
-— |0+ = +pi— |+ ————— 1+/1—+ a—=|=o0.
2, [( )dég Po (35‘2’:| 5"_5[17_252 [( ) Po o,
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(A7)

The maximization process for the shear strain rates are rather straight-
forward. As they are not related to the components of £ through the
anisotropy parameters, one can carry out the maximization process
directly with respect to the shear strain rates j/j’.’ . A routine calculation
leads to

oy

— o0& —
1 = = A.
(D55 =m 55 *.8)

Similarly, an evolution equation for the anisotropy parameters and the
internal state variables are obtained as

a+DE - 7, W (A9
on; on;
and
‘25 =-1P. (A.10)
oUA

In view of Eq. (A.9), Egs. (A.5), (A.6) and (A.7) can be collectively
rewritten as

¢ ¢ oy
11,01 (1+,1)—+p0,106p +fon) | (1472 1+p0/1£
41(87,67) a(eh e
P
+ f3;(n)) (1+,1) o¢ i =0
A og;

a3(eh.5)
(A.11)

where fij’s are functions of n; in accordance with Eq. (37). Notice
that for the reduced Egs. (A.5), (A.6) and (A.7), their constituents
g;’s remain the same. Moreover, it is evident that Eq. (A.11) must
be satisfied for any variation of the dilatational and squeeze strain
attributes and their rates in order to maximize the Lagrangian L.
Moreover, in each of the constituents of Eq. (A.11), ¢; depends on a
certain mode of deformation, for example, the constituent ¢, depends
only on the dilatational mode of deformation. Because the dilatation
and these squeeze modes of deformation are independent of each other,
one can vary the functions q;, ¢, and ¢ arbitrarily such that Eq. (A.11)
is always satisfied. This is possible if and only if these constituents are
individually zero, ie., q,(67,5") = qy(e},£]) = qs(e%,£5) = 0. Thus, the

condition to maximize the Lagrangian L w1th respect to £11, £‘2’2 and
£’3’3 can be written as
43 - oy
1+4 =- ;
( ) — 557 57
9 -y
(l-i-l)a—gf ——POAE, (A.12)
o0& — 0
(+D) = = —py7 o
dsg 0 08’2’
Because the third squeeze mode satisfies the condition eg = —(e‘; + sg)
and é‘3’ = —(é} + £1), the evolution equation for 513’ can be written as
- 0 — 0
A+ =T (A13)
dé3 083
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