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 A B S T R A C T

In this paper, we investigate the wrinkling behavior of a strain-limiting membrane whose constitutive relations 
are derived from the theory of implicit elasticity. Specifically, a deformation mode-specific constitutive model, 
based on a set of scalar, conjugate stress/strain base pairs arising from a QR decomposition of the deformation 
gradient, has been considered for this analysis. A set of mixed strain and stress-based criteria have been 
used to distinguish between taut, wrinkled and slacked membranes. To determine the response of a wrinkled 
membrane, we impose a virtual deformation that stretches the membrane into a fictitious, taut state. The 
amount and direction of wrinkling are then obtained from the condition that the Cauchy stress, rotated into 
a local frame of reference of the wrinkled membrane, must be in a uniaxial, tensile state. This condition 
results in a system of two highly nonlinear, coupled, algebraic equations. In general, a closed-form analytical 
solution cannot be obtained for this system of equations and hence, a suitable numerical solution procedure 
must be adopted. Here we used a modified Broyden’s method with a derivative-free line search algorithm to 
obtain a numerical solution to these equations and consequently, the response of the wrinkled membrane. 
Some relevant boundary value problems, corresponding to different displacement-controlled tests required for 
material characterization in the chosen framework, have been studied to show the efficacy of the developed 
model. Finally, we have discussed the effect of wrinkling on the identification of material parameters, along 
with analysis of wrinkling in anisotropic membranes.
. Introduction

Biological tissues often exhibit a strain-limiting constitutive be-
avior in which the final stiffness is much higher than the initial 
ne. Such a material behavior is commonly captured by introducing 
henomenological models such as the ones proposed by Fung and co-
orkers (Fung, 1967; Tong and Fung, 1976; Fung, 2013). However, 
reed and Rajagopal (2016a) showed that Fung’s phenomenological 
odel cannot be derived from a Helmholtz free energy for biological 
ibers. In fact, a thermodynamically consistent model to capture strain-
imiting behavior is difficult to develop within the purview of a Green 
r Cauchy elasticity in which the stress is written as an explicit function 
f the corresponding measure of deformation. An effective way to cir-
umvent this problem is to use a theory of implicit elasticity, proposed 
y Morgan (1966) and significantly developed by Rajagopal (2003). 
n this theory, it is argued that if the definition of an elastic body is 
xtended to any continuum that is incapable of dissipation during a 
hermodynamic process, then it is possible to write the internal energy 
s a function of both stress and strain. This modified definition covers 
 broader class of elastic materials beyond the traditional Cauchy or 
reen elasticity. If 𝐓 and 𝐁 denote the Cauchy stress and the Finger 
ensor respectively, then the constitutive relation for these materials 
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can be written in an implicit form as 

(𝐓,𝐁) = 0. (1)

It has been shown that this class of elastic bodies is capable of capturing 
a strain-limiting behavior without appealing to phenomenological mod-
els (Bulíček et al., 2015; Ortiz-Bernardin et al., 2014; Bustamante and 
Rajagopal, 2015). Based on this theory, Freed and Rajagopal (2016a) 
proposed a new model for biological fibers combining the response of 
its constituent collagen and elastin fibers. The collagen fibers account 
for the toe region of the experimentally observed stress–strain curve 
and their response is derived from a suitably chosen Gibbs free energy 
whereas the strain-limiting behavior, resulting from the response of the 
elastin fibers, is modeled using an implicit constitutive relationship of 
type (1). Later, this study was extended to account for the viscoelastic 
response of the collagen fibers (Freed and Rajagopal, 2016b) as well as 
a constitutive model for biological membranes (Freed et al., 2016). The 
latter model is of particular interest to our present study.

In general, the deformation of an elastic membrane is analyzed 
using a polar decomposition of the deformation gradient. However, 
in their model for biological membranes, Freed et al. (2016) used 
a different kinematic approach based on an upper-triangular (QR) 
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decomposition of the deformation gradient (Srinivasa, 2012). Due to 
its practical utility in material characterization and ease of use, the
QR kinematics has garnered considerable attention in the recent years 
and has been successfully employed in different areas of mechanics 
such as isotropic and anisotropic elasticity (Rajagopal, 2014; Srini-
vasa, 2015; Rajagopal and Srinivasa, 2016), plasticity (Paul and Freed, 
2020, 2021; Paul, 2025), viscoelasticity and damage (J. Clayton and A. 
Freed, 2020), rheometry (Paul et al., 2021; Paudel and Paul, 2023), 
phase-field modeling of fracture (Hakimzadeh et al., 2022, 2025), 
and biomechanics (Avazmohammadi et al., 2018; Zhang et al., 2019; 
Kazerooni et al., 2019; J.D. Clayton and A. Freed, 2020; Zamani et al., 
2021). Based on this kinematic framework, Freed (2017) showed that it 
is possible to develop constitutive models using appropriately defined 
scalar, conjugate, stress/strain base pairs that represent different modes 
of deformation. These conjugate stress/strain base pairs are particularly 
useful in the interpretation of experimental data as well as reducing 
computational cost in numerical simulations. For their analysis of 
biological membranes, Freed et al. (2016) used a 2-D version of their 
generalized model. They proposed a specific form of the internal energy 
as a function of both stress and strain attributes corresponding to 
three independent modes of deformation: a dilation, squeeze and shear. 
Although this model was able to capture the desired strain-limiting 
behavior, it ignores a key aspect of biological membranes for the sake 
of simplicity. Thin membranes are often considered to have negligible 
bending stiffness which causes it to deform only in tension. In the pres-
ence of compressive stresses along any of its principal stretch direction, 
a membrane either wrinkles or slacks. Although Freed et al. (2016) 
mentioned in passing that the wrinkling behavior can be analyzed using 
a tension field theory, they chose to ignore such cases in order to 
perform a simple planar analysis. Under this assumption, however, a 
wrinkle formation would have led to compressive stresses and strains 
that the membrane could not support. Therefore, this possibility was 
artificially suppressed by adding a Macaulay bracket in the stress–strain 
relationship corresponding to dilation. Although this model was able to 
capture the constitutive behavior of biological membranes, the artificial 
adjustment lacks proper physical justifications and does not elucidate 
the constitutive behavior of the membrane when wrinkling occurs. The 
aim of this paper is to address this missing aspect of their model of bi-
ological membranes. Specifically, we address two important concerns:
(i) is non-negativity of the dilation stress a necessary and sufficient 
condition to prevent wrinkling? and, (ii) how does the stress–strain 
relationship change when the membrane wrinkles?

To incorporate wrinkling in a membrane model, a popular approach 
is the use of a tension-field theory (A. Pipkin, 1986; Steigmann and 
Pipkin, 1989a; Steigmann, 1990) in which a constitutive restriction 
is imposed by using a relaxed strain energy in the wrinkled region. 
A.C. Pipkin (1986) and Pipkin (1994) showed that the relaxed strain 
energy can be obtained through a quasiconvexification of the original 
strain energy used in the derivation of the constitutive relations for 
the taut membrane. Therefore, according to this theory, the strain 
energy for a membrane can be viewed as a composite function that 
has different expressions depending on whether the criteria for a 
taut, wrinkled or slacked membrane is satisfied. This method has 
been successfully employed to elastic, isotropic membranes of different 
geometry such as cylindrical (Peek, 2000; Patil et al., 2015) and 
toroidal membranes (Li and Steigmann, 1995; Roychowdhury and 
DasGupta, 2015), twisted ribbons (Kohn and O’Brien, 2018) as well 
as membranes with different material symmetry groups/properties 
such as fiber-reinforced (Shmoylova and Dorfmann, 2009) and or-
thotropic (Jarasjarungkiat et al., 2008) elastic membranes, viscoelastic 
membranes (Jenkins and Leonard, 1993; Weinberg and Neff, 2008) and 
Fung-type biological membranes (Massabò and Gambarotta, 2007) etc. 
The primary challenge of this approach, as stated by A.C. Pipkin (1986), 
is that there is no general procedure for the said quasiconvexification 
of the strain energy. For the implicit elastic model considered here, 
this process becomes even more convoluted since the internal energy 
2 
is a function of both stress and strain. Therefore, we adopt here an 
alternative approach, proposed by Roddeman (1991), in which a virtual 
deformation is imposed on the wrinkled membrane such that it is 
stretched to a fictitious, taut state. Thereafter, the amount and direction 
of wrinkling are obtained from the condition that the Cauchy stress, 
rotated in the wrinkle frame of reference, is in a uniaxial, tensile 
state of stress, i.e., there exists exactly one positive, non-zero (normal) 
component of the rotated Cauchy stress. This condition essentially 
satisfies the requirement of a tension-field theory. Miyazaki (2006) 
showed that many of the existing wrinkle models for anisotropic 
membranes (Kang and Im, 1997; Epstein, 1999; Epstein and Forcinito, 
2001) are essentially equivalent to this model. In most of the wrinkle 
models based on Roddeman (1991)’s approach such as Lu et al. (2001) 
and Jarasjarungkiat et al. (2008), an explicit stress–strain relationship 
was used that allowed for a direct numerical solution without resorting 
to an iterative procedure. For an implicit elastic membrane, however, 
this approach leads to a system of two highly nonlinear, coupled, 
algebraic equations that requires an iterative numerical method to 
determine the amount and direction of wrinkling at each time step. 
For this purpose, we use a modified Broyden’s method (Broyden, 
1965) with a derivative-free line search algorithm, proposed by Li and 
Fukushima (2000). Needless to say that once the amount and direction 
of wrinkling are obtained, the response of the wrinkled membrane can 
be derived by using the modified deformation gradient. The analysis 
of wrinkling carried out here shows that although the non-negativity 
of a dilational stress is a necessary condition for a taut, isotropic 
membrane as mentioned by Freed et al. (2016), this condition alone 
is not sufficient to ensure that the membrane under consideration is 
taut. In addition to having a positive value, the magnitude of the 
dilation stress must be greater than a certain numerical value that 
depends on both the squeeze and (scaled) shear stress attributes. In fact, 
the former condition does not hold true for an anisotropic membrane 
and is replaced by an inequality involving the dilation and squeeze 
stress attributes as well as the strength of anisotropy. As for the latter 
condition, it has an important consequence for an unequal-biaxial 
stretch of a strain-limiting membrane as shown in Section 4.2. It has 
been further observed that the stress–strain relationship for a wrinkled 
membrane differs significantly from that of a taut membrane which has 
an important implication on the identification of material parameters 
as discussed in  Section 5.

The rest of the paper is organized as follows. In Section 2, we 
review the necessary kinematics and the constitutive relations for an 
implicit elastic membrane. For this section, our discussion is restricted 
to an assumption that the membrane remains taut throughout the 
motion. In Section 3, we derive the necessary and sufficient condi-
tions to distinguish between a taut, wrinkled and slacked membrane. 
Thereafter, a numerical analysis to obtain the amount and direction 
of wrinkling is carried out. For this purpose, we adopt an iterative 
numerical solution strategy which has been derived in Section 3.3. In 
Section 4, some relevant boundary value problems have been studied to 
show the efficacy of the developed solution procedure. Specifically, we 
consider the problem of a simple shear, unequal-biaxial and uniaxial 
stretch (squeeze). In Section 5, the implications of wrinkling on the 
material characterization and the required modification in the solution 
strategy for an anisotropic membrane are discussed. Finally, the paper 
is summarized and drawn to conclusion. Although the findings in this 
paper show that the consideration of wrinkling significantly alters the 
experimental measurement of material parameters, our model predic-
tion for the direction and amount of wrinkling is yet to be verified 
with the necessary experimental observations due to the current un-
availability of suitable data. Therefore, the scope of the present work 
is limited to the development of a rigorous semi-analytical framework 
for biological membranes and a possible remedy for errors in their 
experimental characterization.
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2. Preliminaries

2.1. Kinematics

Let us consider a thin, elastic, isotropic membrane 𝑆 under a 
state of plane stress whose kinematics can be described by its mid-
surface deformation. At time 𝑡 = 0, the membrane is embedded into 
a two-dimensional Euclidean point space and occupies its undeformed 
configuration, 𝜅𝑅(𝑆). 𝐗 denotes the position vector of a material par-
ticle in 𝜅𝑅(𝑆). Let 𝐄𝛼 , 𝛼 = 1, 2 be two Cartesian base vectors that span 
the undeformed configuration of the membrane, 𝜅𝑅(𝑆) and 𝐄3 is the 
normal to that plane such that 𝐄3 = 𝐄1 × 𝐄2. A motion 𝐱 = (𝐗, 𝑡)
maps a material particle to its corresponding position 𝐱 in the current 
configuration of the membrane, 𝜅𝑡(𝑆). Hence, the deformation gradient 
𝐅 can be written as 
𝐅 = 𝐹𝑖𝛼 𝐞𝑖 ⊗ 𝐄𝛼 with 𝐹𝑖𝛼 = 𝜕𝑥𝑖∕𝜕𝑋𝛼 (2)

where 𝐞𝑖, 𝑖 = 1, 2, 3 are the base vectors spanning the current configu-
ration of the membrane, 𝜅𝑡(𝑆). From Eq. (2), one can notice that the 
matrix of the deformation gradient is a 3 × 2 matrix and takes into 
account the out-of-plane deformation of the membrane in a wrinkled or 
slacked state. In general, the deformed configuration of the membrane 
in these states cannot be defined a priori. Therefore, following Lu et al. 
(2001), we consider a smoothed pseudo-surface on which the material 
particles from the original deformed configuration of the membrane is 
projected. Hence, this pseudo-surface represents the deformed config-
uration of the membrane in an average sense. If 𝐞̃𝛼 , 𝛼 = 1, 2 are two 
linearly independent base vectors that span the pseudo-surface, then 
the position vector of a material particle on this pseudo-surface can be 
represented as 𝐱̃ = 𝑥̃𝛼 𝐞̃𝛼 and the corresponding (projected) deformation 
gradient 𝐅̃ can be written as 
𝐅̃ = 𝐹𝛼𝛽 𝐞̃𝛼 ⊗ 𝐄𝛽 where 𝐹𝛼𝛽 = 𝜕𝑥̃𝛼∕𝜕𝑋𝛽 , 𝛼, 𝛽 = 1, 2. (3)

Here as opposed to a polar decomposition, we adopt a QR decom-
position of the deformation gradient, 𝐅̃ =   which results in 
an upper-triangular stretch tensor  , called the Laplace stretch. The 
components of the Laplace stretch can be obtained either by performing 
a Gram–Schmidt procedure on the matrix of the projected deformation 
gradient 𝐅̃ or through a Cholesky decomposition of the right Cauchy–
Green tensor 𝐂 ..= 𝐅̃⊤ 𝐅̃ = 𝐅⊤𝐅 = 𝐶𝛼𝛽 𝐄𝛼 ⊗ 𝐄𝛽 . Thus, the components 
of the Laplace stretch can be written as (Srinivasa, 2012) 

[ 𝛼
𝛽 ] =

[

𝑎 𝑎 𝛾

0 𝑏

]

=
⎡

⎢

⎢

⎣

√

𝐶11 𝐶12∕
√

𝐶11

0
√

𝐶22 − 𝐶2
12∕𝐶11

⎤

⎥

⎥

⎦

with
𝐶11 = 𝐹 2

11 + 𝐹
2
21 = 𝐹 2

11 + 𝐹
2
21 + 𝐹

2
31,

𝐶12 = 𝐹11𝐹12 + 𝐹21𝐹22 = 𝐹11𝐹12 + 𝐹21𝐹22 + 𝐹31𝐹32 and,
𝐶22 = 𝐹 2

12 + 𝐹
2
22 = 𝐹 2

12 + 𝐹
2
22 + 𝐹

2
32.

(4)

In this framework, the tensor  rotates a set of Eulerian base vectors 
𝐞̃𝛼 into the base vectors 𝛼 that span a physical frame of reference in 
which the deformation gradient takes the form of an upper-triangular 
matrix. Thus, while the rotation tensor  takes part in coordinate 
transformation, the deformation of a material particle is completely 
specified by the Laplace stretch,  . Let us further decompose the 
Laplace stretch into three modes of deformation as 

[ 𝛼
𝛽 ] =

[

𝑎 𝑎 𝛾

0 𝑏

]

=
√

𝑎𝑏
[

1 0
0 1

]

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
Dilation

[

√

𝑎∕𝑏 0
0

√

𝑏∕𝑎

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Squeeze

[

1 𝛾
0 1

]

⏟⏟⏟
Shear

(5)

Based on the decomposition in Eq. (5), we shall define the scalar, 
conjugate, stress/strain base pairs that will be used in our constitutive 
model.
3 
Table 1
Strain, strain rate and stress attributes corresponding to different modes of 
deformation.
 Deformation mode Strain attributes Strain rates Stress attributes 
 Dilation 𝛿 = 1∕2 ln(𝑎𝑏) 𝛿̇ = 1∕2

(

𝑎̇∕𝑎 + 𝑏̇∕𝑏
)

𝜋 = 11 + 22  
 Squeeze 𝜀 = 1∕2 ln(𝑎∕𝑏) 𝜀̇1 = 1∕2

(

𝑎̇∕𝑎 − 𝑏̇∕𝑏
)

𝜎 = 11 − 22  
 Shear 𝛾 𝛾̇ 𝜏 = 𝑎12∕𝑏  

It is worth noting that, for a wrinkling analysis, the deformation 
gradient is often written in terms of the principal stretches using a polar 
decomposition of the deformation gradient as (Steigmann and Pipkin, 
1989a,b) 
𝐅 = 𝜁1 𝐯𝟏 ⊗ 𝐮𝟏 + 𝜁2 𝐯𝟐 ⊗ 𝐮𝟐. (6)

Here 𝜁1 and 𝜁2 are the principal stretches, i.e., the eigenvalues of the 
stretch tensor 𝐔 and, 𝐯𝛼 and 𝐮𝛼 are the eigenvectors of the stretch 
tensors 𝐕 and 𝐔 respectively. Since the eigenvectors are related through 
𝐯𝛼 = 𝐑𝐮𝛼 , one can alternatively write 

𝐅 = 𝜁1 (𝐑𝐮𝟏)⊗ 𝐮𝟏 + 𝜁2 (𝐑𝐮𝟐)⊗ 𝐮𝟐 = 𝜁1 𝐯𝟏 ⊗ (𝐑⊤𝐯𝟏) + 𝜁2 𝐯𝟐 ⊗ (𝐑⊤𝐯𝟐). (7)

One can notice a semblance of Eq. (7) with the expression of the 
Laplace stretch. In the QR kinematics framework, the Laplace stretch 
can be expressed as  = 𝛼𝛽 𝛼 ⊗ 𝐄𝛽 where the base vectors 𝛼
of the physical frame of reference are related to that of the Eulerian 
frame through 𝛼 = 𝑒𝛽 𝛼𝛽 . Therefore, while the matrix of the de-
formation gradient becomes a diagonal matrix when expressed in a 
rotated (through 𝐑) frame of reference in which the eigenvectors of 
𝐔 and 𝐕 serve as the base vectors, the Laplace stretch takes on the 
form of an upper triangular matrix in the physical frame of reference. 
As shown by Srinivasa (2012), the latter does not require a complex 
eigenvalue analysis and provides a direct path for the interpretation 
of experimental data (cf. Criscione et al., 2000; Criscione, 2003; Paul, 
2025 for a detailed discussion). Thus, this framework helps in both 
numerical analysis as well as the experimental characterization of 
material parameters. The diagonal elements of the Laplace stretch, 𝑎
and 𝑏 represent an elongation along the 𝛼 direction whereas 𝛾 in 
the off-diagonal term represents the magnitude of shear. While the 
principal stretches 𝜁1 and 𝜁2 are important for the wrinkling analysis 
when a polar decomposition is used, the components of the Laplace 
stretch 𝑎, 𝑏 and 𝛾 play a similar role in QR kinematics.

2.2. Constitutive model

To develop the required constitutive model, we first need to de-
fine a set of thermodynamic stress/strain conjugates that produce the 
mechanical stress power, 𝑊̇ . For this purpose, the Kirchhoff stress 
𝐽 𝐓 is pulled back into our physical frame of reference through  =
⊤ (𝐽 𝐓). Now following Freed et al. (2016) and Freed (2017), we 
define the scalar conjugate stress/strain base pairs for the three modes 
of deformation as

Note that a similar choice for strains was also used by Lubarda 
(2010) in his analysis of biological membranes, albeit using a polar 
decomposition of the deformation gradient. In terms of these base pairs, 
the mechanical stress power can be written as 
𝑊̇ = 𝐒 ∶ 𝐄̇ =  ∶  = 𝜋 𝛿̇ + 𝜎 𝜀̇ + 𝜏 𝛾̇ (8)

where  ..= ̇  −1 is the velocity gradient associated with the Laplace 
stretch. Let us assume the existence of an internal energy density, 𝜓
per unit reference area of the membrane. Following Rajagopal (2003), 
we further assume that the internal energy density is a function of both 
stress and strain attributes such that the rate of dissipation is zero. Thus, 
for an isothermal process, one can write
d𝑊 = 𝜌 d𝜓 ⟹ 𝜋 d𝛿 + 𝜎 d𝜀 + 𝜏 d𝛾
0
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= 𝜌0

(

𝜕𝜓
𝜕𝜋

d𝜋 +
𝜕𝜓
𝜕𝛿

d𝛿 +
𝜕𝜓
𝜕𝜎

d𝜎 +
𝜕𝜓
𝜕𝜀

d𝜀 +
𝜕𝜓
𝜕𝜏

d𝜏 +
𝜕𝜓
𝜕𝛾

d𝛾
)

(9)

where 𝜌0 is the material density in the reference configuration. Since 
the modes of deformation are independent of each other, one can write 
the governing equations for each mode of deformation as
(

𝜋 − 𝜌0
𝜕𝜓
𝜕𝛿

)

d𝛿 = 𝜌0
𝜕𝜓
𝜕𝜋

d𝜋 (10a)
(

𝜎 − 𝜌0
𝜕𝜓
𝜕𝜀

)

d𝜀 = 𝜌0
𝜕𝜓
𝜕𝜎

d𝜎 (10b)
(

𝜏 − 𝜌0
𝜕𝜓
𝜕𝛾

)

d𝛾 = 𝜌0
𝜕𝜓
𝜕𝜏

d𝜏. (10c)

Following Freed et al. (2016), we assume the specific form of the 
internal energy as 

𝜌0 𝜓 = 4𝐴1 𝛿 − 𝜋 + 𝐵1 𝜋 𝛿 + 2𝐴2 𝜀 − 𝜎 + 𝐵2 𝜎 𝜀 + 𝐴3 𝛾 − 𝜏 + 𝐵3 𝜏 𝛾 (11)

where 𝐴𝑖 and 𝐵𝑖, 𝑖 = 1, 2, 3 are the material parameters to be determined 
from experiments. While 𝐴𝑖 represents the modulus for the correspond-
ing mode of deformation, 𝐵𝑖 denotes the reciprocal of the maximum 
strain attribute, i.e., 𝐵1 = 1∕𝛿max, 𝐵2 = 1∕𝜀max, 𝐵3 = 1∕𝛾max with 
𝐵1 𝛿, 𝐵2 𝜀, 𝐵3 𝛾 < 1. Now using the assumed form for the internal energy 
in Eq. (11), Eqs. (10a)–(10c) can easily be integrated by separation of 
variables to determine the stress–strain relationship for each mode of 
deformation as 

𝜋 =
4𝐴1 sgn(𝛿)
𝐵1 − 1

(

1
(1 − 𝐵1|𝛿|)(1−1∕𝐵1)

− 1
)

, (12a)

𝜎 =
2𝐴2 sgn(𝜀)
𝐵2 − 1

(

1
(1 − 𝐵2|𝜀|)(1−1∕𝐵2)

− 1
)

, (12b)

𝜏 =
𝐴3 sgn(𝛾)
𝐵3 − 1

(

1
(1 − 𝐵3|𝛾|)(1−1∕𝐵3)

− 1
)

. (12c)

 Here ‘sgn’ denotes a signum function. The tangent moduli for different 
modes of deformation are obtained as 
𝜕𝜋
𝜕𝛿

=
4𝐴1 + (𝐵1 − 1)𝜋

1 − 𝐵1𝛿
, (13a)

𝜕𝜎
𝜕𝜀

=
4𝐴2 + (𝐵2 − 1)𝜎

1 − 𝐵2𝜀
, (13b)

𝜕𝜏
𝜕𝛾

=
4𝐴3 + (𝐵3 − 1)𝜏

1 − 𝐵3𝛾
. (13c)

Note that Freed et al. (2016) modeled a biological membrane by adding 
the contribution from elastin fibers, derived from a strain-limiting solid 
as well the contribution from collagen fibers that was considered to 
follow a simple Hookean law. In our discussion, we only consider the 
strain-limiting membrane for the sake of simplicity. We assume that the 
internal energy 𝜓 is able to capture the overall stress–strain response 
of a biological membrane (i.e., collagen and elastin fibers together). A 
validation of this assumption is illustrated by comparing the resulting 
constitutive model (12) with the experimental data in Section 4. Fur-
thermore, since the formation of wrinkles was not considered in their 
model, they adjusted the stress–strain relationship by using a Macaulay 
bracket on 𝛿 in Eq. (12a). This adjustment was carried out in order to 
suppress any possible compressive dilation stresses in the membrane. 
Although the constitutive model (12) was able to capture the exper-
imental observations on taut biological membranes, the adjustment 
made to avoid wrinkling/slacking is essentially an artificial fix that 
lack proper physical justifications. Furthermore, this model does not 
address the changes in the constitutive behavior when the membrane 
is wrinkled. Thus, the following sections are devoted to address this 
missing aspect of the strain-limiting membrane model.
4 
3. Wrinkling analysis

We now derive a suitable criteria to distinguish between a taut, 
wrinkled and slacked membrane and, determine the state of stresses 
and strains in the wrinkled region for the strain-limiting membrane de-
scribed by the constitutive relation (12). For an isotropic Green elastic 
membrane, wrinkles form along the one of the principal directions1 A. 
Pipkin (1986) and Steigmann (1990) and thus, computing only the 
amount of wrinkling is sufficient to obtain the full solution. However, 
the same is not true even for other material symmetry groups. Due 
to the complexity in the constitutive relations of an implicit elastic 
membrane considered here, it is expected that the wrinkle direction is 
also not known a priori in this case. Therefore, both the direction and 
amount of wrinkling need to be determined from suitable conditions.

3.1. Criteria for wrinkling

In the available literature, three types of criteria – a strain-based, 
stress-based and mixed criteria – have been used to determine the 
onset of wrinkling. A principal strain-based criteria classify the state 
of the membrane (i.e., taut, slacked or wrinkled) purely based on 
the eigenvalues of the relevant strain tensor such as a Green strain, 
𝐄 (Steigmann and Pipkin, 1989b; Massabò and Gambarotta, 2007). 
On the other hand, a stress-based criteria assess these states based 
on the magnitude and signs of the principal stresses (Epstein, 1999; 
Epstein and Forcinito, 2001). However, both these criteria misjudge 
the condition for at least one of the states of the membrane (Rossi 
et al., 2005; Jarasjarungkiat et al., 2008). Therefore, a mixed criterion 
based on both principal stresses and strains was proposed that proved 
to perform better in identifying these states. We adopt here this mixed 
criterion which is given as (Lu et al., 2001) 

taut: 𝐛 ⋅ 𝐒𝐛 ≥ 0 ⟹

{

tr(𝐒) = 𝑆11 + 𝑆22 ≥ 0
det(𝐒) = 𝑆11𝑆22 − 𝑆2

12 ≥ 0

slacked: 𝐚 ⋅ 𝐄𝐚 ≤ 0 ⟹

{

tr(𝐄) = 𝐸11 + 𝐸22 ≤ 0
det(𝐄) = 𝐸11𝐸22 − 𝐸2

12 ≥ 0

wrinkled: otherwise

(14)

Here 𝐚 and 𝐛 are arbitrary non-zero tangent vectors at a point in 
the undeformed configuration of the membrane respectively. 𝐒 and 
𝐄 are the second Piola–Kirchhoff stress and the Green strain tensor 
respectively. Since the second Piola–Kirchhoff stress is related to the 
Cauchy stress through 𝐒 = 𝐽𝐅−1 𝐓𝐅−⊤ and 𝐚 is an arbitrary vector, the 
first of Eq. (14) can be written in terms of the Cauchy stress as 

𝐜 ⋅ 𝐓𝐜 ≥ 0 ⟹

{

𝑇11 + 𝑇22 ≥ 0
𝑇11𝑇22 − 𝑇 2

12 ≥ 0
(15)

where 𝐜 = 𝐅−⊤𝐚 is an arbitrary tangent vector in the current configura-
tion of the membrane, 𝜅𝑡(𝑆).

Since our constitutive model is written in terms of the conjugate 
stress/strain base pairs, we need to rewrite the wrinkling criteria ac-
cordingly. For this purpose, let us start with the relationship between 
the components of the Laplace stretch and the eigenvalues of the right 
Cauchy–Green tensor, given in Eq. (4). The eigenvalues of the right 
Cauchy–Green tensor, 𝐂 can be written as 

𝜁21,2 =
1
2

[

(𝑎2(1 + 𝛾2) + 𝑏2) ±
√

(𝑎2(1 + 𝛾2) + 𝑏2)2 − 4𝑎2𝑏2
]

. (16)

Note that only in the absence of shear 𝛾, the principal stretches become 
𝜁𝛼 = 𝑎, 𝑏. Otherwise 𝑎 and 𝑏 are distinct from the principal stretches. 

1 The directions of principal stresses and strains coincide for an isotropic 
material. We simply call them principal directions here.
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Using Eq. (16), the eigenvalues of the Green strain tensor can be written 
as 
𝜁𝐸1,2 =

1
4

[

(𝑎2(1 + 𝛾2) + 𝑏2) ±
√

(𝑎2(1 + 𝛾2) + 𝑏2)2 − 4𝑎2𝑏2
]

− 1
2
. (17)

Therefore, according to Eq. (14)2, a membrane is in its slacked state, 
i.e., it is not stretched in any direction when 
tr(𝐄) = 𝜁𝐸1 + 𝜁𝐸2 ≤ 0 ⟹ (𝑎2 − 1) + (𝑏2 − 1) + 𝑎2𝛾2 ≤ 0,

det(𝐄) = 𝜁𝐸1 𝜁
𝐸
2 ≥ 0 ⟹ (𝑎2 − 1)(𝑏2 − 1) − 𝑎2𝛾2 ≥ 0.

(18)

We now show that the condition (18) for a slacked membrane reduces 
to 0 ≤ 𝑎, 𝑏 ≤ 1 for any arbitrary value of 𝛾. Since 𝑎2𝛾2 is always 
non-negative, Eq. (18) implies that 
(𝑎2 − 1) + (𝑏2 − 1) ≤ −𝑎2𝛾2 ≤ 0 and, (𝑎2 − 1)(𝑏2 − 1) ≥ 𝑎2𝛾2 ≥ 0. (19)

It is evident that Eq. (19) is satisfied only when 0 ≤ 𝑎, 𝑏 ≤ 1
irrespective of the value of the shear strain 𝛾 and thus, this inequality 
serves as a necessary condition for slacking. Let us understand the 
physical meaning of this condition. In our physical frame of reference, 
𝑎, 𝑏 ≥ 0 represents the elongation of a material line element along the 
directions 1 and 2, respectively. Thus, 𝑎, 𝑏 > 1 (or < 1) represents 
an elongation (or contraction) of a material line element along their 
respective directions. Therefore, the condition 0 ≤ 𝑎, 𝑏 ≤ 1, in the 
absence of shear 𝛾, physically signifies that the membrane contracts 
in both 1 and 2 directions representing a slacked membrane. Since 
0 ≤ 𝑎, 𝑏 ≤ 1 is valid for any arbitrary value of 𝛾 and does not impose 
any restriction on the shear mode of deformation, this condition alone 
is not sufficient to ensure slacking of a membrane. To determine the 
restriction on the shear strain 𝛾 due to slacking, let us first assume that 
𝛾 can take any arbitrary value. Now from Eq. (18), one can write 
𝑎2𝛾2 ≤ 2 − 𝑎2 − 𝑏2 and, 𝑎2𝛾2 ≤ (𝑎2 − 1)(𝑏2 − 1). (20)

Since 0 ≤ 𝑎, 𝑏 ≤ 1 for a slacked membrane, it can be easily shown that 
(𝑎2 − 1)(𝑏2 − 1) ≤ 2 − 𝑎2 − 𝑏2. Thus, the restriction (20) on 𝛾 reduces 
to the inequality 𝛾2 ≤ (1 − 1∕𝑎2)(𝑏2 − 1). Therefore, this inequality 
along with the restriction 0 ≤ 𝑎, 𝑏 ≤ 1 represent the necessary and 
sufficient conditions for slacking of a membrane in our framework. To 
understand the physical meaning of the upper bound of 𝛾 for slacking, 
let us consider an initially slacked membrane with 0 < 𝑎, 𝑏 < 1 and 
𝛾 = 0. Now let us apply a simple shear motion, i.e., 𝛾 > 0, keeping 𝑎
and 𝑏 fixed. As the extent of shear 𝑎𝛾 increases, the membrane reaches a 
state of deformation in which it is under tension in one direction while 
remains stress-free in the other and hence, the membrane is no longer 
in a slacked state. Therefore, an upper bound is required to ensure 
slacking which is represented by the inequality 𝛾2 ≤ (1 − 1∕𝑎2)(𝑏2 − 1).

For a taut membrane, the stresses must be non-compressive at a 
point in the membrane, as shown in Eq. (14)1 or alternatively, Eq. (15). 
The Kirchhoff stress  in our physical frame of reference is related to 
the Cauchy stress 𝐓 through  = ⊤ (𝐽𝐓). Therefore, the condition 
for a taut membrane (15) can be written as 
𝐜 ⋅ 𝐓𝐜 = 𝐜 ⋅ (𝐜) ≥ 0

⟹

{

tr() ≥ 0 ⟹ 𝜋 ≥ 0
det() ≥ 0 ⟹ 𝜋2 − 𝜎2 − 4𝑏2𝜏2∕𝑎2 ≥ 0.

(21)

We have used the fact that 𝐜 is also an arbitrary tangent vector in 
the derivation of Eq. (21). The condition (21) states that not only 
the dilation stress 𝜋 must be non-negative, but its magnitude also 
has to be greater than a certain value that depends on the squeeze 
stress, 𝜎 and the scaled shear stress, 2𝑏𝜏∕𝑎 for a membrane to be taut. 
Physically, Eq. (21)2 ensures that the effect of a squeeze or shear mode 
of deformation is commensurately compensated by the dilation in order 
for a membrane to be taut. Although these conditions were qualitatively 
identified by Freed et al. (2016), their work does not provide the 
required mathematical descriptions which are derived in this paper. 
Moreover, only the first condition, 𝜋 ≥ 0, was used in their membrane 
model. It will be shown later in Section 4 that 𝜋 ≥ 0 alone is not 
5 
a sufficient condition to correctly identify the onset of wrinkling for 
a strain-limiting membrane under a certain class of boundary value 
problems such as an unequal-biaxial stretch. We also notice that the 
condition 𝜋 ≥ 0 is identically satisfied if Eq. (21)2 is written in the 
form 𝜋 ≥

√

𝜎2 + 4𝑏2𝜏2∕𝑎2 where only positive square-root of the left 
hand side is taken into consideration. Therefore, this inequality is a 
necessary and sufficient condition for a membrane to be taut in our 
framework. To understand the physical meaning of this condition, let us 
consider a pure squeeze deformation in which the deformation gradient 
is an upper-triangular matrix, i.e.,  = 𝐈. Under this condition, the only 
non-zero stress attribute is the squeeze stress, 𝜎 and thus, the matrix of 
the Cauchy stress tensor becomes a diagonal matrix with elements 𝜎
and −𝜎 (cf. Eq. (33)). Due to the presence of a compressive Cauchy 
stress component, the membrane no longer remains taut. A similar 
observation can also be made when the membrane is subjected to only a 
simple shear motion. Therefore, for a membrane to be taut, the dilation 
stress must compensate for the effects of squeeze and shear modes of 
deformation such that no compressive stress is generated anywhere in 
the membrane. This condition is ensured by the inequality (21)2.

To summarize, the criteria to determine the state of a membrane in 
our physical frame of reference reads 

taut: 𝜋 ≥
√

𝜎2 + 4𝑏2𝜏2∕𝑎2

slacked: 0 ≤ 𝑎, 𝑏 ≤ 1 and, 𝛾2 ≤ (1 − 1∕𝑎2)(𝑏2 − 1)

wrinkled: otherwise

(22)

3.2. Direction and amount of wrinkling

To analyze the state of strain and stress in a wrinkled membrane, we 
adopt the procedure proposed by Roddeman (1991) as a foundational 
framework with important modifications specific to our formulation. 
Let us consider a membrane with continuously distributed fine wrinkles 
in its deformed configuration, 𝜅𝑡(𝑆).2 We assume that in an infinites-
imal neighborhood 𝛺 ⊂ 𝜅𝑡(𝑆) around a material point, the wrinkles 
are in the direction of a unit vector 𝐰 and let 𝐭 be another unit vector 
perpendicular to it. As mentioned earlier, due to the lack of bending 
stiffness, a membrane cannot support compressive stresses. For a ma-
terial point located in the wrinkled region of a membrane, a uniaxial 
state of stress exists in which the principal stress along the direction of 
wrinkling 𝐰 is zero whereas the principal stress along its perpendicular 
direction remains tensile. Since the constitutive model (12) may result 
in compressive stresses in the wrinkled/slacked region that cannot 
be supported by a membrane, we need to modify this model such 
that the state of stress remains either tensile or zero. To obtain the 
strains and stresses at a point in the wrinkled region, let us impose 
a virtual stretch of amount 𝛽 on the wrinkled membrane 𝛺 ⊂ 𝜅𝑡(𝑆)
such that it is locally lengthened into a fictitious, taut state, as shown 
in Fig.  1. Since a uniaxial state of stress is maintained throughout the 
deformation process until the membrane is fully taut, this virtual stretch 
is essentially a rigid body motion under a constant uniaxial state of 
stress. When the wrinkles just vanish, the deformation gradient takes 
the form (Roddeman, 1991; Lu et al., 2001) 
𝐅 = (𝐈 + 𝛽 𝐰⊗ 𝐰) 𝐅̃ (23)

where 𝐈 is the identity tensor in R2 and 𝛽 > 0 is the stretch ratio that 
also serves as a measure for the amount of wrinkling. Since the virtual 
stretch 𝛽 removes fine wrinkles from an infinitesimal neighborhood 
around a material point in 𝜅𝑡(𝑆), the pair 𝛽 and 𝐰 provide a local 
description of wrinkles at that point in an average or continuum sense. 

2 There is an interesting semblance between this assumption and the ones 
used in continuum theories of defects that lead to definitions of geometrically 
necessary dislocation (GND) density tensor (Bilby et al., 1955; Cermelli and 
Gurtin, 2001) in plasticity and crack density tensor (Kachanov, 1980; Valanis 
and Panoskaltsis, 2005; Shivam and Paul, 2026) in damage mechanics.
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Fig. 1. A schematic diagram of the deformation of a membrane and the virtual stretching of the deformed membrane into a fictitious, taut state. The deformation 
gradient 𝐅 and its modified form 𝐅 map the membrane from its undeformed configuration 𝜅𝑅(𝑆) to its (wrinkled) deformed configuration 𝜅𝑡(𝑆) and its 
corresponding fictitious taut configuration respectively. The latter configuration is obtained by a virtual stretching of the wrinkled membrane by an amount 
𝛽 along the direction 𝐰.
Essentially, 𝛽 and 𝐰 can be viewed as spatially varying continuum fields 
and hence, this framework is valid for non-uniform wrinkle fields as 
well. It is important to note here that the framework is developed 
based on the assumption that wrinkling in a membrane occurs as a 
continuously distributed field of sufficiently fine wrinkles, which allows 
for a locally homogenized description of wrinkling at a material point. 
Such an assumption may not be valid for cases such as coarse wrinkling, 
occurrence of a few discrete wrinkles in the membrane or wrinkling 
dominated by boundary effects. Moreover, the exact information about 
a generated wrinkle such as wrinkle wavelength, amplitude and exact 
waviness profile also cannot be determined through this method. At 
present, however, we are interested in obtaining the deformation and 
response of the membrane in a continuum sense and the method of 
virtual stretch is well suited for this purpose.

For the deformation gradient in Eq. (23), the right Cauchy–Green 
tensor can be written as 
𝐂 = 𝐂 + 𝛽(𝛽 + 2)𝐅

⊤
𝐰 ⊗ 𝐅

⊤
𝐰. (24)

Let 𝐓̂ denote the Cauchy stress tensor in a new frame of reference 
with 𝐰 and 𝐭 as base vectors, referred to as the wrinkle frame of ref-
erence. This new coordinate frame {𝐰, 𝐭} is rotated out of the Eulerian 
frame of reference by an orthogonal tensor 𝐑̂ ∈ 𝑆𝑂(2) and thus, the 
Cauchy stress in the Eulerian and wrinkle frame of reference are related 
through 𝐓̂ = 𝐑̂⊤ 𝐓 𝐑̂. Since the membrane is still in a uniaxial state 
in the {𝐰, 𝐭} frame of reference when the wrinkles just vanish, the 
modified Cauchy stress 𝐓̂ has only one non-zero component 𝐓̂𝑡𝑡 > 0. In 
other words, the modified Cauchy stress 𝐓 must satisfy the conditions 
𝐰 ⋅ 𝐓𝐰 = 0, 𝐭 ⋅ 𝐓𝐰 = 0, 𝐭 ⋅ 𝐓𝐭 > 0. (25)

In terms of the Kirchhoff stress in our physical frame of reference, the 
condition (25) for a uniaxial state of stress can be written as 
𝐰̂ ⋅  𝐰̂ = 0, 𝐭̂ ⋅  𝐰̂ = 0, 𝐭̂ ⋅  𝐭̂ > 0 (26)

where 𝐰̂ = 
⊤
𝐰 and 𝐭̂ = 

⊤
𝐭 are the direction of wrinkling and 

its normal pulled back into our physical frame of reference. Note that 
a uniaxial state of stress in the principal directions is a fundamental 
requirement in the tension-field theory (A. Pipkin, 1986; Steigmann, 
1990) as well. Here, the condition of a uniaxial state of stress is written 
in the wrinkle frame of reference instead of the principal directions.

The direction 𝐰 and the measure of wrinkles 𝛽 can be found by solv-
ing the system of highly nonlinear and coupled Eqs. (25)1,2 or, (26)1,2. 
Due to the high nonlinearity in our constitutive model (12), it is not 
possible to obtain a closed-form, analytical solution. In many of the 
earlier works on wrinkling analysis, e.g., Kang and Im (1997), Miyazaki 
(2006) and Jarasjarungkiat et al. (2008), a simple constitutive model 
such as 𝐒 = C𝐄 was considered which greatly simplified the problem 
6 
of solving the coupled Eqs. (25). However, the assumed St. Venant-
Kirchhoff constitutive model is a direct extension of the generalized 
Hooke’s law of linearized elasticity and is of extremely limited use in a 
finite deformation theory.

3.3. Numerical solution strategy

We now develop an appropriate numerical method to analyze an 
implicit, elastic membrane in a wrinkled state. Before solving the 
system of Eqs. (25), let us provide the relevant expressions that will 
be required in our numerical solution procedure. If the direction of 
wrinkling 𝐰 makes an angle 𝜃 with the 1− co-ordinate direction of the 
Eulerian frame of reference 𝐞1, then 𝐰 and 𝐭 can be written in the form

𝐰 =
(

cos 𝜃
sin 𝜃

)

and, 𝐭 =
(

− sin 𝜃
cos 𝜃

)

with the rotation matrix

[𝑅̂𝑖𝑗 (𝜃)] =
[

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

]

. (27)

For a given value of the direction 𝜃, measure of wrinkling 𝛽 and 
deformation gradient 𝐅, the modified Cauchy stress can be obtained 
via the following steps:

1. Calculation of the Laplace stretch and rotation: The matrix of the 
modified deformation gradient can now be written as

[𝐹 𝑖𝑗 ] =
[

𝑓1 𝑓2
]

, with 𝑓1(𝛽, 𝜃) =
(

(1 + 𝛽𝑐2)𝐹11 + 𝛽𝑐𝑠𝐹21
𝛽𝑐𝑠𝐹11 + (1 + 𝛽𝑠2)𝐹21

)

,

𝑓2(𝛽, 𝜃) =
(

(1 + 𝛽𝑐2)𝐹12 + 𝛽𝑐𝑠𝐹22
𝛽𝑐𝑠𝐹12 + (1 + 𝛽𝑠2)𝐹22

)

(28)

where 𝑐 ∼ cos 𝜃, 𝑠 ∼ sin 𝜃. In terms of the column vectors 𝑓1 and 
𝑓2, the rotation matrix  and the components of the Laplace 
stretch can be written as

[𝑖𝑗 (𝛽, 𝜃)] =
[

1 2

]

with 1 =
𝑓1

‖

‖

𝑓1‖‖
,

2 =
𝑓2 − (𝑓2 ⋅ 𝑓1)𝑓1

‖

‖

𝑓2 − (𝑓2 ⋅ 𝑓1)𝑓1‖‖
(29)

𝑎̄ = ‖

‖

𝑓1‖‖ , 𝛾̄ =
𝑓1 ⋅ 𝑓2
‖

‖

𝑓1‖‖
2
, 𝑏̄ =

√

√

√

√‖

‖

𝑓2‖‖
2 −

(𝑓1 ⋅ 𝑓2)2

‖

‖

𝑓1‖‖
2
. (30)

Here a norm of a vector 𝐚 is defined as ‖𝐚‖ =
√

𝐚 ⋅ 𝐚.
2. Calculation of the strain and stress attributes: Now using the defini-
tion given in Table  1, the dilation and squeeze strain attributes 
are written as 
𝛿 = 1 ln(𝑎 𝑏) and, 𝜀 = 1 ln(𝑎∕𝑏). (31)
2 2
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By using the constitutive model (12a)–(12c), the stress attributes 
are obtained as 

𝜋 =
4𝐴1 sgn(𝛿)
𝐵1 − 1

(

1
(1 − 𝐵1|𝛿|)(1−1∕𝐵1)

− 1

)

,

𝜎 =
2𝐴2 sgn(𝜀)
𝐵2 − 1

(

1
(1 − 𝐵2|𝜀|)(1−1∕𝐵2)

− 1
)

,

𝜏 =
𝐴3 sgn(𝛾)
𝐵3 − 1

(

1
(1 − 𝐵3|𝛾|)(1−1∕𝐵3)

− 1
)

.

(32)

3. Determination of the modified Cauchy stress: With these stress 
attributes, the modified Cauchy stress tensor in the Eulerian 
frame of reference can be written as
𝐓(𝛽, 𝜃) = (𝛽, 𝜃)(𝛽, 𝜃)

⊤
(𝛽, 𝜃) where

[ 𝑖𝑗 ] =
[

1∕2(𝜋̄ + 𝜎̄) (𝑏̄∕𝑎̄)𝜏
(𝑏̄∕𝑎̄)𝜏 1∕2(𝜋̄ − 𝜎̄)

]

. (33)

Now we are ready to determine the direction and amount of wrin-
kling by numerically solving Eqs. (25)1,2. The main challenge to solve 
this problem is that our constitutive model (12) is highly nonlinear 
and formulated in a co-rotational frame of reference. Although the 
developed constitutive model is based on a rather simple set of scalar
stress/strain base pairs, the various transformations required to connect 
the different frames of reference (viz., the Eulerian, physical and the 
wrinkle frame of reference) make the numerical analysis very difficult. 
In particular, an analytical computation of the Jacobian is nearly 
impossible for this system of equations. To avoid this issue, we adopt 
a modified Broyden’s (Broyden, 1965) method along with a derivative-
free line search algorithm, proposed by Li and Fukushima (2000). The 
problem can be reformulated within the numerical framework as: solve 
for 𝐲 = (𝛽 𝜃)⊤ with a prescribed deformation gradient 𝐅3 such that

 (𝐲) = 𝟎 ⟹

(

𝑇̂𝑤𝑤(𝐲)
𝑇̂𝑤𝑡(𝐲)

)

=

(

𝑇 11(𝐲) 𝑐2 + 2𝑇 12(𝐲) 𝑐𝑠 + 𝑇 22(𝐲) 𝑠2

(𝑇 11(𝐲) + 𝑇 22(𝐲)) 𝑐𝑠 − (𝑐2 − 𝑠2) 𝑇 12(𝐲)

)

=
(

0
0

)

. (34)

Eq. (34) can be solved by using the algorithm given by Zhou and Zhang 
(2020, Alg. 2.1) with an important modification for the update of the 
variables. For a strain-limiting membrane, the only admissible values 
for 𝐲 =

(

𝛽 𝜃
)⊤ are those that generate a dilational, squeeze and shear 

strain that satisfy the conditions 𝐵1 𝛿, 𝐵2 𝜀 and, 𝐵3 𝜏 ≤ 1. Therefore, a 
check for feasibility of the guessed values for 𝐲 is required during the 
line search as well as the Broyden update steps within the algorithm. 
For the sake of completion, the modified algorithm is provided in Alg. 
1. This algorithm requires five parameters, 𝑝1, 𝑝2, 𝑝3 > 0 and, 𝑞1, 𝑞2 ∈
(0, 1) as well as a positive sequence {𝜂𝑘}||

|

∑∞
𝑘=0 𝜂𝑘 ≤ 𝜂 < ∞ to be suitably 

selected. The parameter 𝑞3 is chosen such that ||
|

𝑞3𝑘 − 1||
|

≤ 𝑞3 and the 
updated 𝐁𝑘+1 is non-singular for any value of 𝑞3 ∈ (0, 1). For the current 
analysis, we have chosen 𝑝1 = 𝑝2 = 10−4, 𝑝3 = 0.9, 𝑞1 = 0.5, 𝑞2 = 0.9, 
𝑞3 = 1 and 𝜂𝑘 = 0.01∕(𝑘 + 1)2. Accuracy of the numerical procedure 
is susceptible to the chosen initial guess for 𝜃. Therefore, the initial 
guess for 𝜃 should be judiciously chosen such that 𝐓̂𝑡𝑡 remains positive 
throughout the motion. 𝐓̂𝑡𝑡 > 0 ensures that the Cauchy stress, rotated 
into the wrinkle frame of reference, is in a uniaxial, tensile state. 

4. Boundary value problems

In this section, we solve some boundary value problems with ho-
mogeneous deformations to show efficacy of the developed model. 

3 Typically in a FE analysis, an initial guess for the deformation gradient 
at the current time step is made and thereafter, its value is updated through 
an iterative scheme using the principal of virtual work. Hence, it is reasonable 
to assume that the (guessed) value of the deformation gradient is known at a 
particular iteration.
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Table 2
Material parameters used in the numerical simulations.
 Dilation Squeeze Shear  
 Modulus (kPa) 𝐴1 = 7 𝐴2 = 5 𝐴3 = 0.5 
 1/Max. strain 𝐵1 = 4 𝐵2 = 16 𝐵3 = 2  

Algorithm 1 A modified Broyden’s method with Li-Fukushima line 
search algorithm for the numerical solution of Eq. (25)
Require: Initial point 𝐲0 ∈ R𝑛, non-singular 𝐁0 ∈ R𝑛×𝑛, Parameters 
𝑝1, 𝑝2, 𝑝3 > 0, 𝑞1, 𝑞2 ∈ (0, 1)

Require: A positive sequence {𝜂𝑘}||
|

∑∞
𝑘=0 𝜂𝑘 ≤ 𝜂 < ∞, tolerance: tol > 0

𝑘 ← 0,  𝑘 ←  (𝐲0)
while ‖

‖

 𝑘
‖

‖

> tol do
 Compute 𝐝𝐵𝑘 = −𝐁−1

𝑘  𝑘
 𝐳𝑘 = 𝐲𝑘 + 𝐝𝐵𝑘

Check: feasibility of 𝐳𝑘
 if ‖

‖

 (𝐳𝑘)‖‖ > 𝑝3 ‖

‖

 𝑘
‖

‖

 then
 𝐝𝑘 ← 𝐝𝐵𝑘
 else
 Compute 𝐝𝑀𝐵

𝑘 = −𝐁−1
𝑘  (𝐳𝑘)

 if ‖‖
‖

 (𝐲𝑘 + 𝐝𝐵𝑘 + 𝐝𝑀𝐵
𝑘 )‖‖

‖

≤ 𝑞2 ‖‖ 𝑘
‖

‖

− 𝑝1
‖

‖

‖

𝐝𝐵𝑘 + 𝐝𝑀𝐵
𝑘

‖

‖

‖

2 then
 𝐝𝑘 ← 𝐝𝐵𝑘 + 𝐝𝑀𝐵

𝑘 , 𝛼𝑘 ← 1
 else
 𝐝𝑘 ← 𝐝𝐵𝑘
 end if
 end if

Check: feasibility of 𝐲𝑘 + 𝐝𝑘
 if ‖

‖

 (𝐲𝑘 + 𝐝𝑘)‖‖ ≤ 𝑞2 ‖‖ 𝑘
‖

‖

− 𝑝1 ‖‖𝐝𝑘‖‖
2 then

 𝛼𝑘 ← 1
 else
 𝛼𝑘 ← 1
 while ‖

‖

 (𝐲𝑘 + 𝛼𝑘 𝐝𝑘)‖‖ > ‖

‖

 𝑘
‖

‖

− 𝑝2 ‖

‖

𝛼𝑘 𝐝𝑘‖‖
2 + 𝜂𝑘 ‖‖ 𝑘

‖

‖

 do
 𝛼𝑘 ← 𝑞1 𝛼𝑘

 Check: feasibility of 𝐲𝑘 + 𝛼𝑘 𝐝𝑘
 end while
 end if
 𝐲𝑘+1 ← 𝐲𝑘 + 𝛼𝑘 𝐝𝑘
 𝐬𝑘 ← 𝐲𝑘+1 − 𝐲𝑘
 𝑘 ←  (𝐲𝑘+1) −  𝑘
 if ‖

‖

𝐬𝑘‖‖ > 0 then

 𝐁𝑘+1 ← 𝐁𝑘 + 𝑞3
(𝑘 − 𝐁𝑘 𝐬𝑘) 𝐬⊤𝑘

‖

‖

𝐬𝑘‖‖
2

 else
 𝐁𝑘+1 ← 𝐁𝑘
 end if
  𝑘+1 ←  (𝐲𝑘+1)
 𝑘 ← 𝑘 + 1
end while

return 𝐲𝑘

The chosen motions correspond to different displacement-controlled 
tests that are required for characterizing the material parameters of 
biological membranes. For the numerical simulations performed here, 
we have selected the material parameters used by Freed et al. (2016) 
which are obtained through an experimental verification with data 
from double-lap shear test on porcine myocardium (Dokos et al., 2002) 
and biaxial test on porcine visceral pleura (Freed et al., 2014). The 
material parameters are provided in Table  2 and, comparisons between 
the constitutive model (12) using these material parameters and the 
experimental data are shown in Fig.  2. It is worth noting here that some 
minor adjustments were made to the material parameters used by Freed 
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Fig. 2. Comparison of the constitutive model (12) with the experimental data of Freed et al. (2014) for the dilation and squeeze modes of deformation and Dokos 
et al. (2002) for a simple shear. The constitutive model shows a very good match with the experimental data.
et al. (2016) since we do not consider a linear, elastic contribution from 
the collagen fibers separately. The comparisons in Fig.  2 demonstrate 
that the constitutive model (12), which incorporates the contributions 
from both elastin and collagen fibers together, shows a very good match 
with the corresponding experimental data.

4.1. Simple shear

Let us consider a rectangular membrane of dimensions 𝐿×𝑊  along 
the laboratory axes 𝐄1 and 𝐄2, subjected to a motion 

𝑥1 = 𝑋1 + 𝜉(𝑡)𝑋2, 𝑥2 = 𝑋2, 𝜉(𝑡) ≥ 0 with 𝜉(0) = 0. (35)

This motion results in a deformation gradient of the form 

[𝐹𝛼𝛽 ] =
[

1 𝜉(𝑡)
0 1

]

. (36)

This deformation gradient corresponds to a motion applied in a simple 
shear test such as the double 4-bar shear experiments performed by 
Sridhar et al. (2025). In this experimental setup, they used three 
clamps — two transverse clamps that provide the essential displace-
ment boundary conditions and a relatively thin clamp placed in the 
middle of the sample that moves by a linear actuator to produce the re-
quired simple shear. The deformation of the sample and the associated 
stresses are measured using a digital image correlation (DIC) technique 
and with the help of appropriately placed load cells, respectively. More 
details on the experimental test setup can be found in the original 
paper (Sridhar et al., 2025).

For this problem, we further assume that the membrane is subjected 
to a constant shear rate, i.e., 𝜉̇ = a positive constant. Since the matrix 
of the deformation gradient is upper-triangular, the rotation  is an 
identity map and the matrix of the Laplace stretch is the same as that 
of the deformation gradient with 𝑎 = 𝑏 = 1 and 𝛾 = 𝜉(𝑡). From Eq. (36), 
it is evident that the shear strain 𝛾 is the only non-zero strain attribute 
for this motion. Thus, the strain attributes can be written as 
𝛿 = 𝜀 = 0, 𝛾 = 𝜉(𝑡). (37)

Let us assume that the membrane is initially taut. Under this condition, 
the stress attributes are obtained via the constitutive model (12) as 

𝜋 = 𝜎 = 0, 𝜏 =
𝐴3

𝐵3 − 1

(

1
(1 − 𝐵3𝜉(𝑡))(1−1∕𝐵3)

− 1
)

. (38)

Note that for the prescribed deformation gradient, 𝑎 = 𝑏 = 1 and 
𝛾 ≥ 0 at all stages of deformation which violates the condition (22)2
for slacking. On the other hand, since 𝛾(𝑡) > 𝜋 = 0, the condition for 
a taut membrane (22)  is also violated. Therefore, one can conclude 
1

8 
that the membrane wrinkles as soon as the motion starts. Now we shall 
determine the wrinkle direction 𝜃 and the amount of wrinkling 𝛽 at 
each time step using the method developed in Section 3.3.

Results of the numerical simulations to solve Eq. (34) are shown in 
Fig.  3. Fig.  3(a) shows the variation of the 𝑇̂𝑤𝑤 and 𝑇̂𝑤𝑡 components of 
the Cauchy stress rotated in the wrinkle frame of reference, {𝐰, 𝐭}. Note 
that the residual  (𝐲) in Eq. (34) comprises of these two components 
and hence, Fig.  3(a) represents the measures of error in the numerical 
solution. The maximum error for the numerical solution, computed 
as max

∀𝜉(𝑡)

√

𝑇̂ 2
𝑤𝑤 + 𝑇̂ 2

𝑤𝑡, is reported to be 9.92 × 10−9. Fig.  3(b) shows the 
variation of the remaining component 𝑇̂𝑡𝑡 of the rotated Cauchy stress 
with the applied shear strain 𝜉(𝑡). As required, 𝑇̂𝑡𝑡 remains positive 
throughout the motion which implies that the Cauchy stress in the 
wrinkle frame of reference is under a uniaxial state of tensile stress. 
The variation of the amount and direction of wrinkles are shown in 
Figs.  3(c) and 3(d), respectively. Both the amount of wrinkling 𝛽 and 
the value of 𝜃 increase as the motion proceeds.

Fig.  4 shows the variation of different stress attributes with the 
applied shear strain 𝜉(𝑡). It is interesting to note that although the 
maximum applied shear strain 𝜉(𝑡) is less than that prescribed in Table 
2, i.e., max{𝜉(𝑡)} < 1∕𝐵3 = 0.5, a shear strain greater than 𝜉(𝑡) ≃ 0.23
cannot be applied to the membrane. This is due to the fact that in the 
presence of wrinkles, the squeeze strain generated in the membrane 
exceeds its maximum value of 1∕𝐵2 = 0.0625 when 𝜉(𝑡) ≃ 0.23. Fig. 
4(b) shows the effect of wrinkling on the shear stress attribute 𝜏 as 
compared to the taut membrane (i.e., without the consideration of 
wrinkling) given in Eq. (38). It can be observed that the shear stress 
for the wrinkled membrane varies more gradually as compared to a 
taut membrane. The effects of wrinkling are more pronounced on the 
dilation and squeeze stress attributes. For a taut membrane, the stress 
attributes 𝜋 and 𝜎 are both zero since 𝑎 = 𝑏 = 1 throughout the motion. 
However, this is not true in the presence of wrinkles as the deformation 
gradient is modified to account for wrinkling as per Eq. (23). The 
dilational stress is found to be significantly higher than the squeeze 
stress when wrinkling is taken into account.

4.2. Biaxial stretch

Let us now consider that the membrane is subjected to a motion
𝑥1 = (1 + 𝜆(𝑡))𝑋1, 𝑥2 = (1 + 𝜈 𝜆(𝑡))𝑋2,

𝜆(𝑡) ≥ 0 with 𝜆(0) = 0, 0 < 𝜈 ≤ 1. (39)

This motion corresponds to a displacement-controlled biaxial test setup 
in which a sample is attached to four clamps on all sides of a suit-
ably prepared sample. These clamps are then subjected to controlled 
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Fig. 3. Results of numerical analysis for wrinkling under a simple shear. Variation of: (a) the 𝑇̂𝑤𝑤 and 𝑇̂𝑤𝑡 components of the Cauchy stress rotated in the {𝐰, 𝐭}
frame of reference that serve as a measure of errors in the analysis, (b) the rotated Cauchy stress component 𝑇̂𝑡𝑡 (c) the amount of wrinkling, 𝛽 and (d) its 
direction, 𝜃 with the applied shear strain, 𝜉(𝑡).
Fig. 4. Variation of : (a) the shear stress attribute, 𝜏 for a wrinkled and a taut (without the consideration of wrinkles) membrane and, (b) the squeeze stress 
attribute, 𝜎 and the dilation stress attribute, 𝜋 with the applied shear strain 𝜉(𝑡).
displacements 𝜆(𝑡) and 𝜈𝜆(𝑡) producing the required biaxial stretch 
condition. More details on the biaxial test setups can be found in Sacks 
and Sun (2003), Fehervary et al. (2016), Jiang et al. (2021) and the 
references therein. An equibiaxial stretch is a special case of this motion 
when 𝜈 = 1. Let us further assume that 𝜆̇(𝑡) = a positive constant. For 
this motion, the matrices of the deformation gradient, rotation tensor 
and the Laplace stretch are written as 

[𝐹𝑖𝑗 ] = [𝑖𝑗 ] =
[

1 + 𝜆(𝑡) 0
0 1 + 𝜈𝜆(𝑡)

]

, [𝑖𝑗 ] =
[

1 0
0 1

]

. (40)

Therefore, the strain and stress attributes are obtained from Table  1 as

𝛿 = 1
2
ln
(

1 + (1 + 𝜈) 𝜆 + 𝜈 𝜆2
)

, 𝜀 = 1
2
ln
( 1 + 𝜆
1 + 𝜈 𝜆

)

, 𝛾 = 0 (41)

and,

𝜋 =
4𝐴1

(

1 − 1
)

,

𝐵1 − 1 (1 − 𝐵1𝛿)(1−1∕𝐵1)
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𝜎 =
2𝐴2
𝐵2 − 1

(

1
(1 − 𝐵2𝜀)(1−1∕𝐵2)

− 1
)

, 𝜏 = 0. (42)

From Eq. (40), it is evident that the membrane does not slack at any 
stage of the deformation since 𝑎, 𝑏 > 1. For an equibiaxial stretch (𝜈 =
1), the squeeze strain and stress becomes zero, i.e., 𝜀 = 𝜎 = 0 and hence, 
the criterion for a taut membrane (22)2 is always satisfied. In this case, 
the complete state of strain and stress are given by Eqs. (41) and (42) 
with a slight modification for the squeeze mode as 𝜀 = 𝜎 = 0. On the 
other hand, for an unequal-biaxial stretch, whether a membrane is taut 
or wrinkled depends on the specific values of 𝜋 and 𝜎. Specifically, the 
wrinkling criteria (22) reduces to 
|𝜋| ≥ |𝜎| → taut, |𝜋| < |𝜎| → wrinkled. (43)

Note that unlike the simple shear deformation in Section 4.1, the 
wrinkling criterion for an unequal-biaxial stretch depends on both the 
numerical values of 𝜆 and 𝜈 describing the motion as well as the 
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Fig. 5. (a) A typical variation of different stress attributes with the applied stretch 𝜆(𝑡) for an unequal biaxial stretch with 𝜈 = 0.3 when the membrane is taut. 
(b) Variation of the value of the applied stretch 𝜆 at the onset of wrinkling with 𝜈.
material properties 𝐴1, 𝐴2, 𝐵1 and 𝐵2. Therefore, the wrinkling criterion 
also needs to be identified during the numerical solution. Fig.  5(a) 
shows a typical variation of the stress attributes with the applied stretch 
𝜆(𝑡) for a taut membrane undergoing unequal-biaxial stretch for 𝜈 = 0.3. 
Throughout the deformation, the shear stress 𝜏 remains zero whereas 
the dilation and squeeze stresses increase with the applied stretch 𝜆. 
Although over the chosen range of deformation, the magnitude of the 
dilation stress is greater than that of the squeeze stress ensuring a taut 
state of the membrane, this relationship reverses around 𝜆 = 0.167. 
This is due to the fact that the squeeze stress attribute, 𝜎 shows a 
sharp stiffening near 𝜆 ≃ 0.167 as the strain-limiting effect becomes 
significant in the squeeze mode of deformation. With further stretch 
beyond the range shown in Fig.  5(a), the magnitude of the squeeze 
stress exceeds that of the dilation stress causing the membrane to 
wrinkle. It is emphasized that this phenomena is unique to a strain-
limiting elastic membrane in which the maximum dilation strain is 
greater than the maximum squeeze/shear strains. Fig.  5(b) shows the 
variation of the values of the applied stretch 𝜆 at the onset of wrinkling 
with 𝜈. The value of 𝜆 at the onset of wrinkling increases with 𝜈 until 
𝜈 ≃ 0.57, after which the membrane remains taut for a wider range 
of 𝜆(𝑡). Equibiaxial stretch is a limiting case of 𝜈 > 0.57 in which the 
membrane remains taut throughout the motion. Note that the applied 
stretch required for wrinkling also depends on the material properties; 
Fig.  5(b) shows the variation of such values of the applied stretch, 𝜆
only for the material properties given in Table  2.

To show the behavior of a wrinkled membrane under an unequal-
biaxial stretch, we performed numerical simulations for 𝜈 = 0.3. Fig. 
6 shows the results of this numerical analysis. As shown in Fig.  5, 
the membrane transitions from taut to wrinkled state at 𝜆 ≃ 0.167. 
Therefore, while Eqs. (12a)–(12c) are used for 𝜆 ≤ 0.167, the stress 
attributes for the membrane can be found by using the numerical 
procedure described in Section 3.3 for 𝜆 > 0.167. Figs.  6(a) and 6(b) 
show the variation of different components of the rotated Cauchy stress 
𝐓̂. From the discussion in Section 3.3, it is evident that 𝑇̂𝑤𝑤 and 𝑇̂𝑤𝑡
serve as the measure of error in the numerical analysis of wrinkles. The 
maximum error for this analysis is found to be 9.39 × 10−9. Moreover, 
as shown in Fig.  6(b), 𝑇̂𝑡𝑡 has an increasing positive value during the 
wrinkle analysis ensuring that 𝐓̂ is in a uniaxial, tensile state. As can be 
observed from Fig.  6(c), the amount of wrinkling, 𝛽 increases linearly 
with the applied stretch 𝜆 as the deformation progresses. On the other 
hand, the direction of wrinkling remains constant at 𝜃 ≃ 90◦ as shown 
in Fig.  6(d), i.e., wrinkles form in a direction perpendicular to the 
applied stretch 𝜆.

Variations of the dilational stress 𝜋 and the squeeze stress 𝜎 over 
the admissible range of the applied stretch 𝜆 are shown in Fig.  7. 
As discussed earlier, the stress attributes are determined through the 
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constitutive equations (12a) and (12b) up to a stretch of 𝜆 = 0.167
since the condition for a taut membrane is met over this range of 𝜆. 
Thereafter, the membrane wrinkles as the squeeze stress exceeds the 
dilational stress due to the strain-limiting behavior in the squeeze mode 
of deformation and hence, the stress attributes are obtained via the 
numerical procedure, described in  Section 3.3. For 𝜆 > 0.167, the 
dilational and squeeze stress attributes, obtained from the modified 
deformation gradient as per Eq. (23), coincide (i.e., 𝜎̄ = 𝜋̄), as shown 
in Fig.  7. Since the matrix of the deformation gradient is a diagonal 
matrix, it is evident that  ≃ 𝐈 and 𝐓 ≃ . Thus in view of Eq. (33), 
𝜎̄ = 𝜋̄ implies that 𝑇̄11 = ̄11 = 𝜋̄ and 𝑇̄22 = ̄22 = 0. Now a rotation 
of the Cauchy stress by 𝜃 ≃ 90◦ ensures that a uniaxial state of stress 
exists for 𝐓̂ in which 𝑇̂𝑤𝑤 = 𝑇̂𝑤𝑡 = 0 and 𝑇̂𝑡𝑡 = 𝜋̄ > 0. A similar pattern 
for the variation of the amount and direction of wrinkling as well as 
the stress attributes can be observed for other values of 𝜈 within the 
range 0 < 𝜈 < 0.57.

4.3. Uniaxial stretch

Let us consider an area-preserving uniaxial stretch (or squeeze along 
𝐄1 and 𝐄2) of an initially undeformed membrane. A biaxial testing 
platform, such as the one developed by Jiang et al. (2021), is also able 
to produce this motion when a suitably prepared, nearly incompressible 
sample is attached to two clamps and stretched in a particular direction. 
The deformation map for this motion is given as 

𝑥1 = 𝛬(𝑡)𝑋1, 𝑥2 =
1
𝛬(𝑡)

𝑋2, 𝛬(𝑡) > 0 with 𝛬(0) = 1. (44)

Let 𝛬̇(𝑡) be a positive constant. For this motion, the deformation gradi-
ent, rotation tensor and the Laplace stretch are similar to Eq. (40) and 
are written as 

[𝐹𝑖𝑗 ] = [𝑖𝑗 ] =
[

1 + 𝛬(𝑡) 0
0 1∕(1 + 𝛬(𝑡))

]

, [𝑖𝑗 ] =
[

1 0
0 1

]

. (45)

Note that in this case, 𝑎 > 1 whereas 𝑏 < 1 and hence, the membrane 
also does not slack. This is also true when 𝛬̇ takes a negative value 
which results in 𝑎 < 1 but 𝑏 > 1. The strain and stress attributes for this 
deformation are given as
𝛿 = 𝛾 = 0, 𝜀 = ln(1 + 𝛬), (46)

𝜋 = 𝜏 = 0, 𝜎 =
2𝐴2
𝐵2 − 1

(

1
(1 − 𝐵2𝜀)(1−1∕𝐵2)

− 1
)

. (47)

Since 𝜎 > 𝜋 = 0 throughout the motion, the membrane wrinkles as soon 
as the deformation starts, just like a membrane under simple shear. The 
state of stress and strain of the wrinkled membrane can be found by 
using the numerical method given in Section 3.3.
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Fig. 6. Results of the numerical analysis of a wrinkled membrane under unequal-biaxial stretch for 𝜈 = 0.3. Fig. (a) and (b) show the variation of different 
components of the Cauchy stress 𝐓̂ with the applied stretch 𝜆. The variation of: (c) amount of wrinkling, 𝛽 and, (d) its direction with the applied stretch 𝜆(𝑡) are 
also shown.
Fig. 7. Variations of the dilational stress 𝜋 and the squeeze stress 𝜎 with the 
applied stretch 𝜆(𝑡).

Results of the numerical analysis for this motion are shown in Fig. 
8. The variations of the components 𝑇̂𝑤𝑤 and 𝑇̂𝑤𝑡 are shown in Fig.  8(a). 
The maximum error in this numerical analysis is found to be 9.68×10−9. 
Moreover, as shown in Fig.  8(b), 𝑇̂𝑡𝑡 remains positive throughout the 
motion. Figs.  8(c) and 8(d) show the variation of the amount and 
direction of wrinkling with the applied stretch 𝛬. While the direction of 
wrinkles remain constant at 𝜃 ≃ 90◦, the magnitude of 𝛽 increases with 
the applied stretch 𝛬, similar to the case of an unequal-biaxial stretch.

In case of a uniaxial stretch, the stress attributes follow a trend 
similar to that of a biaxial stretch, i.e., 𝜋̄ = 𝜎̄ and 𝜏 = 0 throughout 
the deformation. This is due to the fact that in both cases, the matrix 
of the deformation gradient is a diagonal matrix and the direction of 
wrinkles 𝜃 ≃ 90◦. Fig.  9 shows the variation of the squeeze stress 
with and without the consideration of wrinkling. It is evident that the 
increase in squeeze stress is more gradual for a wrinkled membrane. 
The implication of this difference will be discussed in Section 5.1.
11 
5. Discussions

5.1. Implications on the identification of material parameters

The idea of using a QR kinematics-based framework, as opposed to 
the traditional polar decomposition-based kinematics and invariants-
based constitutive theories, originated from the need for a better 
method to interpret experimental data. As Criscione and co-workers
(Criscione et al., 2000; Criscione, 2003) showed, although the tradi-
tional invariant theory is a mathematically sophisticated approach in 
constitutive modeling, the covariance between the invariants makes 
it difficult to parameterize the material models, especially for soft 
materials. A QR framework is of great help in that aspect because of 
the minimum covariance between different modes of deformation used 
in constitutive modeling. Due to this advantage, a QR-framework has 
been successfully employed in identifying material parameters for soft 
biological membranes (Kazerooni et al., 2019) and elastomers (Jiang 
et al., 2022). In this framework, three experiments are required to iden-
tify the complete set of material parameters for a biological membrane: 
an equibiaxial stretch for 𝐴1 and 𝐵1, a uniaxial stretch for 𝐴2 and 𝐵2
and a simple shear for 𝐴3 and 𝐵3. The experimental setup and protocols 
for the first two tests were developed by Jiang et al. (2021) whereas the 
test setup for the latter was developed by Sridhar et al. (2025). Despite 
being a promising approach in material parameter identification for 
biological membranes, this method currently suffers from a major 
shortcoming as revealed by the wrinkling analysis performed here. As 
shown in Section 4, for both uniaxial stretch and simple shear, a bio-
logical membrane wrinkles as soon as the motion begins. Moreover, the 
stress–strain relationships for the respective squeeze and shear modes of 
deformation differ significantly for a wrinkled membrane as compared 
to their taut counterpart as shown in Figs.  4(a) and 9. Therefore, 
identifying the material parameters by comparing experimental data 
with the constitutive relation (12) would be erroneous, since this model 
was derived under the assumption of a taut membrane. Instead, one 
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Fig. 8. Results of the wrinkle analysis for a uniaxial stretch. The figure shows a variation of: (a) 𝑇̂𝑤𝑤 and 𝑇̂𝑤𝑡 components of the rotated Cauchy stress that 
measure errors in the numerical analysis, (b) the component 𝑇̂𝑡𝑡, (c) amount of wrinkling, 𝛽 and, (d) its direction with the applied stretch 𝛬(𝑡) for its entire 
admissible range.
Fig. 9. Comparison of the squeeze stress attribute 𝜎 with and without taking 
wrinkling into consideration.

needs to compare the stress–strain curve for a wrinkled membrane with 
the experimental data to characterize the parameters 𝐴2, 𝐵2 and 𝐴3, 
𝐵3. Since the membrane remains in a taut state under an equibiaxial 
stretch, such a modification is not required for obtaining the material 
parameters 𝐴1 and 𝐵1, associated with dilation.

Having established the need to modify the material characterization 
procedure, we now demonstrate a method to identify the parameters 
𝐴3 and 𝐵3 using the digitized experimental data of Dokos et al. (2002). 
Since the amount and direction of wrinkling are not known a priori and 
need to be calculated via the numerical method provided in Section 3.3, 
the material parameter identification essentially becomes an iterative 
process. Let us first assume that the membrane remains taut under 
the application of a simple shear. Needless to say that under this 
assumption, the material parameters are the same as the ones given in 
Table  2, i.e., 𝐴3 = 0.5, 𝐵3 = 2. The red lines in Fig.  10 show the stress–
strain curves for these parameters with solid and dotted lines indicating 
the responses of the membrane with and without taking wrinkling 
12 
Fig. 10. A method to identify the material parameters 𝐴3 and 𝐵3. The 
solid and dotted lines show the shear stress response of the membrane with 
and without taking wrinkles into account, respectively. The initial material 
parameters 𝐴3 = 0.5, 𝐵3 = 2 are modified to 𝐴3 = 0.8, 𝐵3 = 2.5 such that the 
response of the wrinkled member fits with the experimental data of Dokos 
et al. (2002).  (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.)

into consideration. Because of the differences in the stress response 
due to wrinkling, the stress–strain curve for the wrinkled membrane 
(solid red line) does not fit well with the experimental data. Therefore, 
the material parameters are now optimized to 𝐴3 = 0.8, 𝐵3 = 2.5
such that the response of the wrinkled membrane (solid blue line) fits 
relatively better with the experimental data. It can easily be observed 
from Fig.  10 that the response of the taut membrane (dotted blue 
line) for the modified material parameters, i.e., 𝐴3 = 0.8, 𝐵3 = 2.5
differs significantly from the experimental data. Since the membrane 
wrinkles throughout the motion, 𝐴3 = 0.8, 𝐵3 = 2.5 are the corrected 
material parameters. More details on the procedure of a wrinkle-aware 
material parameter identification and a brief discussion on parameter 
identifiability are provided in Appendix.
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Fig. 11. Identification of material parameters for a simple shear test on rat skin samples. The parameters were obtained by comparing the response of the 
wrinkled membrane with the experimental data of Sridhar et al. (2025) for two samples, cut along (a) the Cranial–Caudal and (b) the Medial–Lateral directions.
A similar procedure was followed to obtain the material parameters 
for a rat skin by comparing the response of a wrinkled membrane 
with the digitized experimental data of Sridhar et al. (2025). For this 
purpose, the stress–strain curves for a simple shear test on two rat 
skin samples, cut along the Cranial–Caudal and the Medial–Lateral 
directions have been used. It is worth noting that in the original paper, 
the off-diagonal terms of a Kirchhoff stress and a Green strain were 
used to plot the respective stress–strain curves. Since the matrix of 
a deformation gradient is upper-triangular and  = 𝐈 for a simple 
shear, the off-diagonal term of the Kirchhoff stress is the same as the 
shear stress attribute, 𝜏. Moreover, for a deformation gradient of the 
form (36), the off-diagonal term of the Green strain4 also equals to the 
shear strain attribute, 𝛾. Now following the same exercise as before, 
the material parameters for these two samples have been identified. 
As shown in Fig.  11(a), a simple fitting of the experimental data with 
the constitutive model (12) leads to an erroneous identification of 
the material parameters as 𝐴3 = 0.5 and 𝐵3 = 3.1. This error is 
rectified when the response of the wrinkled membrane is considered 
for comparison with the experimental data. Following the procedure 
delineated in Appendix, the corrected material parameter is obtained 
as 𝐴3 = 0.85 and 𝐵3 = 3.6. In a similar manner, the corrected material 
parameters for the rat skin cut along the Medial–Lateral direction is 
obtained as 𝐴3 = 0.35 and 𝐵3 = 2.9, as shown in Fig.  11(b). A similar 
exercise can be carried out for a uniaxial stretch.

5.2. Anisotropic membranes

As shown by Erel and Freed (2017), Freed (2017) and Paul (2025), 
the effect of anisotropy enters into the QR framework through an 
encoding/decoding map between the stress/strain attributes and the 
corresponding Kirchhoff stress  and velocity gradient . In terms of 
the components of the Laplace stretch, the dilational and squeeze strain 
attributes for an anisotropic membrane can be written as 

𝛿 = 1
2
ln
(

𝑎𝑛 𝑏1∕𝑛
)

and, 𝜀 = 1
2
ln
(

𝑎1∕𝑛∕𝑏𝑛
)

(48)

where 𝑛 > 0 is a parameter representing the strength of anisotropy. The 
relationship between the stress attributes and the Kirchhoff stress using 
the encoding/decoding maps can be written as (Erel and Freed, 2017)
⎛
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and,

4 Unfortunately, a wrong definition of the Green strain, 𝐄 = 1∕2(𝐅𝐅⊤ − 𝐈)
was used by Sridhar et al. (2025). Nevertheless, the experimental data can still 
be used since the off-diagonal term in the computed strain is the same as our 
shear strain attribute, 𝛾.
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It is important to note that the strength of anisotropy enters into our 
constitutive model only through the encoding/decoding maps while the 
form of the internal energy, given in Eq. (11), remains unaltered. We 
shall now examine the effect of anisotropy on the wrinkling criteria and 
the subsequent numerical analysis.

From Eq. (22), it is evident that the criterion for slacking is deter-
mined based on the numerical values of the components of Laplace 
stretch 𝑎, 𝑏 and 𝛾 which can be directly obtained from the matrix of 
the deformation gradient, 𝐅̃ using a Gram–Schmidt procedure. Since 
the derived strain attributes 𝛿 and 𝜀 are not required for this criterion, 
the slacking criterion remains the same for an anisotropic membrane. 
On the other hand, the criterion for a taut membrane is derived from 
the invariants of the Kirchhoff stress  which is related to the stress 
attributes through the decoding map (49)2. Hence, the criterion for 
a taut membrane needs to be modified accordingly. The modified 
criterion for a taut, anisotropic membrane reads 

tr() ≥ 0 ⟹ 𝑛(𝜋 + 𝜎) + 1
𝑛
(𝜋 − 𝜎) ≥ 0 ⟹ 𝜋 ≥

(

1 − 𝑛2

1 + 𝑛2

)

𝜎

det() ≥ 0 ⟹ 𝜋2 ≥ 𝜎2 + 4𝑏2 𝜏2∕𝑎2.
(50)

Therefore, in addition to the condition (50)2, we have another crite-
rion for a taut, anisotropic membrane that depends on the strength 
of anisotropy, 𝑛. Needless to say that the modified criterion for a 
taut membrane is the same as Eq. (21) when 𝑛 = 1. Note that the 
condition (50) reduced to a single inequality, 𝜋 ≥

√

𝜎2 + 4𝑏2𝜏2∕𝑎2 for 
an isotropic membrane using the fact that the dilation stress must be 
non-negative for a taut membrane. For an anisotropic membrane, such 
a reduction is not possible since the strength of anisotropy parameter, 𝑛
can take values both greater and less than one. In particular, when 𝑛 >
1, the direction −1 is stiffer than the direction −2 whereas 𝑛 < 1 implies 
that the direction −2 is stiffer. Therefore, the former condition may 
allow for the dilational stress to be negative even when the membrane 
is taut.

For the numerical analysis of wrinkling in an anisotropic membrane, 
the method developed in Section 3.3 remains almost the same except 
for the definitions of strain and stress attributes. In view of the above 
discussion, Eqs. (31) and (33) in  Section 3.3 need to be replaced with 
Eqs. (48) and (49), respectively. The rest of the numerical procedure 
remains the same.

6. Concluding remarks

In this paper, we studied the wrinkling behavior of a strain-limiting 
membrane derived from the theory of implicit elasticity. The constitu-
tive model for the membrane was developed using a QR decomposition 
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of the deformation gradient that enables a mode-wise characterization 
of the membrane response. Criteria for a taut, wrinkled and slacked 
membrane within the chosen framework have been derived. The re-
sponse of the wrinkled membrane is determined using the method 
of Roddeman (1991) in which a fictitious deformation is imposed 
on the wrinkled membrane such that it is virtually stretched to a 
fictitious, taut state. Thereafter, the amount and direction of wrinkling 
are determined from the condition of a uniaxial, tensile state of the 
Cauchy stress, represented in a local coordinate system of the wrinkled 
membrane. In our framework, this procedure leads to a system of highly 
nonlinear, coupled, algebraic equations. A modified Broyden’s method 
with a derivative-free line search algorithm has been used to solve this 
system of equations. Using this model, three homogeneous boundary 
value problems, viz., a simple shear, an unequal-biaxial and a uniaxial 
stretch (squeeze), have been studied. The boundary value problem 
involving an unequal-biaxial stretch shows a particularly interesting 
result as the criterion for wrinkling is met due to the difference in 
the maximum allowable strain for different modes of deformation. This 
is a direct consequence of the strain-limiting behavior exhibited by 
biological membranes. We conclude this paper with a discussion on the 
implication of wrinkling on the identification of material parameters 
and a method for wrinkling analysis in anisotropic, implicit elastic 
membranes. This work can be further extended to perform a full-
scale finite element analysis of thin-walled biological membranes in the 
future.
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Appendix. Method for wrinkle-aware parameter identification
and its potential limitations

In this section, we demonstrate a method for identification of ma-
terial parameters from relevant experimental data taking wrinkling 
into account. Since the procedure of determining the required stress 
response for a wrinkled membrane is highly nonlinear and both the 
amount of wrinkling, 𝛽 and its direction, 𝐰 depend on the material 
parameters, identification of these parameters is slightly more convo-
luted than a direct curve fitting technique, commonly used for material 
characterization in nonlinear elasticity. At the outset, let us define the 
coefficient of determination, 𝑅2 as 

𝑅2 = 1 −
∑𝑛
𝑖=1(Smodel𝑖 − Sexperiment𝑖 )

2

∑𝑛
𝑖=1(Sexperiment𝑖 − S experiment)2

,

S experiment =
1
𝑛

𝑛
∑

𝑖=1
Sexperiment𝑖 (A.1)

where Smodel represents the squeeze or shear stress attributes associ-
ated with the corresponding experimentally measured strain attributes, 
as obtained via the numerical method in Section 3.3 whereas Sexperiment
represents their corresponding experimental counterparts. The mate-
rial parameters are then obtained by maximizing 𝑅2 with respect to 
admissible values of the material parameters. The procedure for a 
wrinkle-aware material parameter identification is provided in Alg. 
2. In this method, a simultaneous variation of both the material pa-
rameters is required to identify their optimum values due to the high 
nonlinearity associated with the determination of Smodel. With a slight 
abuse of notation, we drop the subscripts from these parameters in Alg. 
2, i.e., 𝐴𝛼 and 𝐵𝛼 , 𝛼 = 2, 3 are simply written as 𝐴 and 𝐵. We denote 
the respective admissible range (parameter space) of 𝐴 and 𝐵 as D𝐴
and D𝐵 . The rest of the procedure is described in Alg. 2. 

Let us now discuss this procedure with the experimental data shown 
in Fig.  11. The heat maps of 𝑅2 for variations in 𝐴  and 𝐵  are shown in 
3 3

14 
Algorithm 2 A method for a wrinkle-aware parameter identification
Require: Experimental data for a specific mode of deformation
Require: D𝐴 and D𝐵
Discretize D𝐴 and D𝐵 into 𝑚 and 𝑛 equally spaced points
for 𝑖 = 1 to 𝑚 do
 for 𝑗 = 1 to 𝑛 do
 Use 𝐴̃ ← D𝐴(𝑖) and 𝐵̃ ← D𝐵(𝑗)
 Compute Smodel following the steps in § 3.3 and using Alg. 1 
with 𝐴̃ and 𝐵̃
 Compute 𝑅2(𝑗, 𝑖) using Eq. (A.1)
 end for
end for
Compute max

𝑖,𝑗
𝑅2 and its location ← (𝑗, 𝑖)

𝐴 ← D𝐴(𝑖) and 𝐵 ← D𝐵(𝑗)
return 𝐴 and 𝐵

Fig.  A.12. For the sample cut along the Cranial–Caudal direction (Fig. 
A.12(a)), some combinations of 𝐴3 and 𝐵3 show negative 𝑅2 values, 
indicating a very poor fit with the experimental data. These values 
have been removed from the 𝑅2 matrix in order to produce a more 
meaningful heat map. As observed from Fig.  A.12, the optimum values 
for 𝐴3 and 𝐵3 are 𝐴3 = 0.85, 𝐵3 = 3.6 producing 𝑅2 = 0.969 for a 
sample cut along the Cranial–Caudal direction and, 𝐴3 = 0.35, 𝐵3 =
2.9 producing 𝑅2 = 0.939 for a sample cut along the Medial–Lateral 
direction, respectively. Note that these optimum values of material 
parameters have been used in Fig.  11.

From Fig.  A.12, it can be further observed that the 𝑅2 values mostly 
do not follow a particular pattern, especially for the data shown in 
Fig.  A.12(a). Moreover, in some cases, the 𝑅2 values are very close 
(e.g., 𝑅2 = 0.969 for 𝐴3 = 0.85, 𝐵3 = 3.6 and, 𝑅2 = 0.9675 for 𝐴3 =
0.8, 𝐵3 = 3.8 in Fig.  A.12(a)) and hence, using either of these material 
parameter pairs would not significantly alter the model prediction. The 
lack of pattern in 𝑅2 and potential non-uniqueness of the material 
parameters could be attributed to the high nonlinearity associated 
with the wrinkling analysis as well as the noise in the experimental 
data. This observation begs a question whether it is always possible 
to determine the optimum values of the material parameters uniquely, 
especially for a noisy experimental data set. To resolve this issue 
reliably, one has to study a larger experimental data set and possibly 
use sophisticated uncertainty quantification techniques. With these 
tools, the wrinkle-aware material parameter identification can be made 
more robust, however, this is beyond the scope of the current paper. 
As a proof-of-concept, we perform a rudimentary sensitivity analy-
sis to understand the effects of experimental noise on the parameter 
identification procedure.

For this analysis, an experimental data set and the derived material 
parameters are considered to be inputs and outputs, respectively. The 
experimental data for rat skin sample cut along the Cranial–Caudal 
direction (Fig.  11(a)) have been used as a base data. Let us introduce 
an artificial noise to this experimental data set such that the data with 
additional noises becomes 
Snoise𝑖 = Sexperiment𝑖 + 𝜑 ×max{|Sexperiment𝑖 |} × (0, 1) (A.2)

where Snoise and Sexperiment are the experimental data with and with-
out additional noise, respectively; 𝜑 is the noise level and  (0, 1) is 
a random number drawn from a standard normal distribution. Here 
we use a noise level of 1%, 5%, 10% and 15% and, determine the 
optimum values for a material parameter keeping the other parameter 
fixed at the base value (i.e., optimum value at 𝜑 = 0) for different 
levels of noises using Alg. 2. For each noise level, ten realizations have 
been considered. The range of optimum material parameters for these 
realizations and the associated 𝑅2 are presented in Table  A.3. It can 
be observed that for a noise level of 1−10%, while the optimum values 
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Fig. A.12. Heat maps of the coefficient of determination, 𝑅2 with respect to material parameters 𝐴3 and 𝐵3 for the experimental data of Sridhar et al. (2025) 
for a sample of rat skin cut along (a) the Cranial–Caudal and (b) the Medial–Lateral directions. Each cell in the heat map shows the corresponding values of 𝑅2. 
The maximum values for 𝑅2 are highlighted with a white box around it.
Table A.3
Optimum values of material parameters with respect to the base values (𝐴3 = 0.9 and 𝐵3 = 3.5)
for varying noise levels, 𝜑.
𝐴3, 𝐵3 and 𝑅2

𝜑 0.00 0.01 0.05 0.10 0.15

𝐴3 (for fixed 𝐵3 = 3.6) 0.85 0.85 0.85 0.85 0.7–0.85
𝑅2 for optimum 𝐴3 0.969 0.965–0.969 0.921–0.943 0.839–0.877 0.662–0.784
𝐵3 (for fixed 𝐴3 = 0.85) 3.6 3.6 3.6 3.6 3.1–3.7
𝑅2 for optimum 𝐵3 0.969 0.965–0.968 0.931–0.948 0.837–0.888 0.732–0.782
for the material parameters remain the same, their corresponding 𝑅2-
values decrease with increasing 𝜑. However, for a noise level of 15%, 
both parameters vary significantly while their 𝑅2-values are within 
the range of 0.66−0.78, indicating a relatively poor fit with the noisy 
experimental data. As a consequence, this analysis shows that the 
parameter identification procedure in Alg. 2 is indeed sensitive to high 
level of experimental noise and thus, there is a need for a more robust 
parameter identification algorithm that would address these issues. As 
stated earlier, development of such an algorithm, however, is beyond 
the scope of the current paper and remains an open problem for further 
investigation.

Data availability

Data will be made available on request.
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